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Abstract. In this article, we analyze a model of malaria dynamics transmission in a fuzzy environment by

assuming that the mosquito populations are fuzzy variables. From the fuzzy system of differential equations, we
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absence of malaria, the human and mosquito populations belong to the level set α of the fuzzy susceptible humans

S̃h and the fuzzy susceptible mosquitoes S̃m respectively. We prove that the disease-free equilibrium is globally
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Rα0 > 1, the disease-free equilibrium is unstable. Several possibilities for different levels α ∈]0, 1] are analyzed. To
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1 Introduction

Malaria, one of the oldest diseases, remains a major health problem worldwide, especially in the
low-income countries (O.M.S., 2022; Olaniyi et al., 2022). In 2021, nearly half of the world’s
population was at risk of malaria. The estimated number of malaria deaths stood at 619 000
(W.H.O.). Malaria is caused by a parasite named ”Plasmodium”, the parasites are transmitted
through the bites of an infectious female Anopheles (W.H.O, 2010; PNLP, Mars 2018). Among
the ”Plasmodium” that wreak most havocs on human population are ”Plasmodium” falciparum
and vivax (W.H.O.).

Mathematical modeling provides a powerful tool to describe and to analyze the spread process
of malaria and its complex mechanisms of transmission. In deterministic (standard) approach,
many studies have been done: Djidjou-Demasse et al. (2020), Olaniyi et al. (2020), Olaniyi
et al. (2022), Atangana & Qureshi (2020), Ndamuzi & Gahungu (2021), Herdicho et al. (2021),
Mangongo et al. (2022), Olaniyi et al. (2022), Keno et al. (2022) and references therein, since
Ronald Ross in 1910. Some of them are interested in seasonal mosquito life-history traits and
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optimal control of the disease. For more details, see Djidjou-Demasse et al. (2020), Olaniyi et al.
(2020), Olaniyi et al. (2022), Atangana & Qureshi (2020), Ndamuzi & Gahungu (2021), Herdicho
et al. (2021) and references therein. Some of them used caputo derivative to design models
(Park et al., 2020). Mangongo et al. (2022) recently designed and analyzed a mathematical
model for malaria transmission dynamics, in which they introduced the concept of ignorant
infected humans. They proved that ignorant infected humans are those who influence very
significantly the spread of malaria in the population. Olaniyi et al. (2022) analyzed a social
hierarchy-structured model for malaria transmission dynamics. They assumed that the infection
of malaria depends on the social classes to which the individuals belong. An optimal control
analysis of malaria epidemic in the presence of temperature variability was proposed by Keno
et al. (2022). They analyzed the impact of temperature variability on the transmission dynamics
of malaria. They used the Pontraygin’s maximum principle to obtain the necessary condition
for the optimal control problem.

To incorporate the high degree of subjectivity and imprecision in modeling diseases, some
studies used fuzzy set theory introduced by Zadeh (1965), we can cite: De Barros et al. (2003),
De Barros et al. (2000), Alamin et al. (2020), Mondal et al. (2015), Verma et al. (2018), Singh
et al. (2023). Many other real world situations used fuzzy set theory to model problems such
as in artificial intelligence, mathematical programming, etc. (Gazi et al., 2023; Momena et al.,
2023). In the same vein Dayan et al. (2022a,b) and Allehiany et al. (2022) have been done
studies in fuzzy modeling of infectious diseases. For mosquito-borne diseases, we have the work
of Bhuju et al. (2020), who used fuzzy set theory to design and analyze a model of dengue disease
in Nepal. They assumed that transmission and recovered rates are fuzzy numbers depending on
the viral load. Mangongo et al. (2021a) proposed a fuzzy analysis of the transmission dynamics
of malaria by assuming that transmission and recovered rates are fuzzy numbers depending on
the parasites density. They introduced the fuzzy basic reproduction number, the fuzzy analysis
of equilibria and fuzzy global asymptotic stability analysis of the disease free equilibrium. Dayan
et al. (2022c) studied the dynamics of a fuzzy epidemic model of a mosquito-borne disease. In
their paper, they assumed that the chance of occurrence of dengue infection, the recovered
and mortality rates of humans populations are fuzzy numbers. Singh et al. (2023) discussed a
mathematical model focused on severely infected people of malaria transmission in both crisp
and fuzzy environments.

It is well-know that, one of the malaria’s problem is the imprecision or vagueness in the size
of mosquito populations, which is not well-known in reality. To incorporate this vagueness in
a model of malaria dynamics transmission, we assume that the mosquito populations are fuzzy
variables. We will see the implication of a such assumption in biological context of malaria.

The rest of paper is organized as follows: in section 2, we formulate the model, in which
we assume that, the mosquito populations are triangular fuzzy variables, and we derived the
deterministic counterpart of the fuzzy initial model. In section 3, the deterministic counterpart
of the fuzzy initial model is analytically analyzed, then we prove its wellposedness, and analyze
the global asymptotic stability of the disease free equilibrium and the endemic equilibrium using
the fuzzy basic reproduction number. In section 4, some numerical analysis are done. We give
concluding remarks in section 5.

2 Formulation of the model

In this section, we analyze a model of malaria dynamics transmission in which we suppose that
the mosquito populations are fuzzy variables. This assumption is justified by the fact that in the
modeling of malaria, it’s more difficult to estimate the exact number of mosquito populations in a
given environment for a certain period, knowing the short life-span of mosquito populations. The
human population is subdivided into five compartments: susceptible Sh, exposed Eh, infectious
Ih, recovered Rh and ignorant infected Mh humans. The ignorant infected humans are those
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who still have Plasmodium parasites after a certain period of treatment without knowing it and
they can relapse to the malaria at a rate ϕ if their immune systems decrease. For the mosquito
populations, we use the classical SEI scheme by incorporating the fuzziness in each state variable.
The latent period of humans is 1

σ , where σ is the latent rate of humans. The infectious humans
recover at a rate γ and they can die due to malaria at a rate δ. The recovered humans loss
their immunity and become susceptible again at a rate η. We denote µ the natural death rate of
human populations. We assume that the susceptible human population increases by a constant
recruitment Λh. The incubation period of mosquitoes is equal to 1

σm
, where σm is the incubation

rate of mosquitoes. We denote µm the natural death and birth rates of mosquitoes. The flow
diagram describing the fuzzy model is given on Figure (1). We assume that all model parameters
are crisp numbers, and they are summarized in Table (1).

Figure 1: Fuzzy transfer diagram of malaria transmission

The mosquito populations are described as follow: S̃m, Ẽm and Ĩm are the fuzzy susceptible, the
fuzzy exposed and the fuzzy infectious mosquito populations respectively. We assume that all
the fuzzy state variables are triangular fuzzy variables. At each time the human population is
given by

Nh(t) = Sh(t) + Eh(t) + Ih(t) +Rh(t) +Mh(t), (1)

and the fuzzy mosquito population is given by

Ñm(t) = S̃m(t) + Ẽm(t) + Ĩm = (Nm1, Nm2, Nm3), (2)

where ” ˜ ” represents the fuzziness in a given variable. The concepts about fuzzy sets theory
can be found in Zadeh (1965); Mangongo et al. (2021b); Fard (2009); Bede et al. (2013); Buckley
& Feuring (2000); Seikkala (1987).
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Definition 1. The fuzzy law of mass actions of mosquitoes to humans and for humans to
mosquitoes are given respectively by:

λ̃h = cmhn
Ĩm
Nh

Sh, and λ̃m = chmn
Ih
Nh

S̃m. (3)

From the transfer diagram of Figure 1, we derive the system (4)-(11) of fuzzy differential equa-
tions with crisp constants.

Table 1: Parameters, meanings, baseline values, dimension and references

Param. Meaning of parameters Values Dimensions Ref.

Λh constant recruitment of susceptible 1 hum./day assumed
humans

σ latent rate of humans 0.0588 hum./day (Olaniyi et al., 2020)
γ recovery rate of humans 0.071 hum./day (Mangongo et al., 2022)
θ proportion of infectious humans who 0.2 - (Mangongo et al., 2022)

recover
1− θ proportion of human who still have

Plasmodium parasites 0.8 - -
µ natural death rate of humans 421× 10−7 hum./day (Mangongo et al., 2022)
δ lethality rate 1285× 10−7 hum./day (Mangongo et al., 2022)
η progression rate of Rh into Sh 0.02 hum./day (Mangongo et al., 2022)
ρ proportion of ignorant infected

humans who recover 0.005 - (Mangongo et al., 2022)
1− ρ proportion of ignorant infected

humans who relapse 0.995 - -
ϕ relapse rate 0.1 hum./day (Mangongo et al., 2022)
n the average number of mosquito bites 4 bites/day (Zongo, 2009)
cmh probability that a bite by an infectious

mosquito to a susceptible human leads
to an infection of this susceptible
human 0.07 - (Zongo, 2009)

chm probability that a bite by a susceptible
mosquito to an infectious human leads
to an infection of this susceptible 0.07 - (Zongo, 2009)
mosquito

µm natural death rate of mosquitoes 435× 10−4 mosq./day (Ndoen et al., 2012)
σm incubation rate of mosquitoes 71× 10−3 mosq./day (Adugna et al., 2022)

Ṡh = Λh + ηRh −

(
cmhn

Ĩm
Nh

+ µ

)
Sh (4)

Ėh = cmhn
Ĩm
Nh

Sh − (σ + µ)Eh (5)

İh = σEh + ϕ(1− ρ)Mh − (γ + µ+ δ)Ih (6)

Ṙh = γθIh + ϕρMh − (η + µ)Rh (7)

Ṁh = γ(1− θ)Ih − (ϕ+ µ)Mh (8)

˙̃Sm = µmÑm −
(
chmn

Ih
Nh

+ µm

)
S̃m (9)

˙̃Em = chmn
Ih
Nh

S̃m − (σm + µm)Ẽm (10)

˙̃Im = σmẼm − µmĨm (11)
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The system (4)-(11) is solved under the following non-negatives initial conditions:

Sh(0) ≥ 0, Eh(0) ≥ 0, Ih(0) ≥ 0, Rh(0) ≥ 0,

Mh(0) ≥ 0, S̃m(0) ≥ 0, Ẽm(0) ≥ 0, Ĩm(0) ≥ 0. (12)

Notations 1. The fuzzification of variables Sh, Eh, Ih, Rh and Mh into triangular fuzzy variables
give: S̃h = (Sh1, Sh2, Sh3), Ẽh = (Eh1, Eh2, Eh3), Ĩh = (Ih1, Ih2, Ih3), R̃h = (Rh1, Rh2, Rh3) and
M̃h = (Mh1,Mh2,Mh3) respectively. The level sets α of S̃m, Ẽm and Ĩm are given by S̃αm =
[Sαm1, S

α
m2], Ẽαm = [Eαm1, E

α
m2] and Ĩαm = [Iαm1, I

α
m2] respectively and the one of S̃h, Ẽh, Ĩh, R̃h

and M̃h are given by S̃αh = [Sαh1, S
α
h2], Ẽαh = [Eαh1, E

α
h2], Ĩαh = [Iαh1, I

α
h2], R̃αh = [Rαh1, R

α
h2] and

M̃α
h = [Mα

h1,M
α
h2] respectively. The fuzzification of the constant recruitment Λh into a triangular

fuzzy number is Λ̃h = (Λh1,Λh2,Λh3) and its level set α is given by Λ̃αh = [Λαh1,Λ
α
h2].

Theorem 1 gives the deterministic counterpart of system (4)-(11).

Theorem 1. The deterministic counterpart of fuzzy differential equations (4)-(11) is given by
the system (13)-(28) of non linear differential equations below:

Ṡαh1 = Λαh1 + ηRαh1 − α
(
cmhn

Iαm1

Nα
h

+ µ

)
Sαh1 (13)

Ṡαh2 = Λαh2 + ηRαh2 − α
(
cmhn

Iαm2

Nα
h

+ µ

)
Sαh2 (14)

Ėαh1 = cmhn
Iαm1

Nα
h

Sαh1 − (σ + µ)Eαh1 (15)

Ėαh2 = cmhn
Iαm2

Nα
h

Sαh2 − (σ + µ)Eαh2 (16)

İαh1 = σEαh1 + ϕ(1− ρ)Mα
h1 − (γ + µ+ δ)Iαh1 (17)

İαh2 = σEαh2 + ϕ(1− ρ)Mα
h2 − (γ + µ+ δ)Iαh2 (18)

Ṙαh1 = γθIαh1 + ϕρMα
h1 − (η + µ)Rαh1 (19)

Ṙαh2 = γθIαh2 + ϕρMα
h2 − (η + µ)Rαh2 (20)

Ṁα
h1 = γ(1− θ)Iαh1 − (ϕ+ µ)Mα

h1 (21)

Ṁα
h2 = γ(1− θ)Iαh2 − (ϕ+ µ)Mα

h2 (22)

Ṡαm1 = (1− α)µmNm1 −
(
chmn

Iαh1

Nα
h

+ µm

)
Sαm1 + αµmNm2 (23)

Ṡαm2 = (1− α)µmNm3 −
(
chmn

Iαh2

Nα
h

+ µm

)
Sαm2 + αµmNm2 (24)

Ėαm1 = chmn
Iαh1

Nα
h

Sαm1 − (σm + µm)Eαm1 (25)

Ėαm2 = chmn
Iαh2

Nα
h

Sαm2 − (σm + µm)Eαm2 (26)

İαm1 = σmE
α
m1 − µmIαm1 (27)

İαm2 = σmE
α
m2 − µmIαm2 (28)

Proof. Equation (11) can be written as:

˙̃Im = (σmEm1 − µmIm1, σmEm2 − µmIm2, σmEm3 − µmIm3). (29)

Let f(t) = (σmEm1 − µmIm1, σmEm2 − µmIm2, σmEm3 − µmIm3) ∈ F(R) and t ∈ I ⊆ R.
The set F(R) denotes a set of fuzzy numbers. If we assume that the function f is Hukuhara
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differentiable, and if the functions σmEm1 − µmIm1, σmEm2 − µmIm2 and σmEm3 − µmIm3 are
reals differentiable functions, then the function f can be written after in the form:

f(t) =



t− σmEm1 + µmIm1

σm(Em2 − Em1) + µm(Im1 − Im2)
if σmEm1 − µmIm1 < t ≤ σmEm2 − µmIm2

σmEm3 − µmIm3 − t
σm(Em3 − Em2) + µm(Im2 − Im3)

if σmEm2 − µmIm2 < t < σmEm3 − µmIm3

0 elsewhere

,

Therefore for all α ∈ [0, 1], and taking into account the level sets α of Im and Em, the level set
α of f can be written as:

[ ˙̃Im]α ≡ fα(t) = [f−α (t), f+
α (t)], (30)

where

f−α (t) = σmE
α
m1 − µmIαm1 and f+

α (t) = σmE
α
m2 − µmIαm2.

We can do the same for ˙̃Sm and ˙̃Em.

The fuzzification of Ṡh gives:

Ṡh =

(
Λαh1 + ηRh1 −

(
cmhn

Im1

Nα
h

+ µ

)
Sh1,Λ

α
h2 + ηRh2 −

(
cmhn

Im2

Nα
h

+ µ

)
Sh2,Λ

α
h3 + ηRh3

−
(
cmhn

Im3

Nα
h

+ µ

)
Sh3

)
. (31)

Let p(t) =
(

Λαh1 + ηRh1 −
(
cmhn

Im1
Nα
h

+ µ
)
Sh1,Λ

α
h2 + ηRh2 −

(
cmhn

Im2
Nα
h

+ µ
)
Sh2,Λ

α
h3 + ηRh3

−
(
cmhn

Im3
Nα
h

+ µ
)
Sh3

)
∈ F(R) and t ∈ I ⊆ R. If we assume that function p is Hukuhara differ-

entiable and if the functions Λαh1 + ηRh1−
(
cmhn

Im1
Nα
h

+ µ
)
Sh1,Λ

α
h2 + ηRh2−

(
cmhn

Im2
Nα
h

+ µ
)
Sh2

and Λαh3 + ηRh3 −
(
cmhn

Im3
Nα
h

+ µ
)
Sh3 are reals differentiable functions, then for all α ∈ [0, 1],

and taking into account the level sets α of Sh, Im and Rh, the level set α of p can be written as:

[Ṡh]α ≡ pα(t) = [p−α (t), p+
α (t)], (32)

where

p−α (t) = Λαh1 + ηRαh1 − α
(
cmhn

Iαm1

Nα
h

+ µ

)
Sαh1 and p+

α (t) = Λαh2 + ηRαh2 − α
(
cmhn

Iαm2

Nα
h

+ µ

)
Sαh2.

We can do the same for Ėh, İh, Ṙh and Ṁh.

Taking the lower and upper bounds of each level set, we obtain the system (13)-(28), which is
the deterministic counterpart of the fuzzy system (4)-(11).

Remark 1. The system (13)-(28) gives the lower and upper bounds for each fuzzy differential
equation of system (4)-(11). Each solution, bounded between the lower and upper bounds of each
level set α, is a candidate solution of the corresponding fuzzy differential equation.

Notations 2. The system (13)-(28) is solved under the initial conditions:

Sαh1 ≥ 0, Sαh2 ≥ 0, Eαh1 ≥ 0, Eαh2 ≥ 0, Iαh1 ≥ 0, Iαh2 ≥ 0, Rαh1 ≥ 0, Rαh2 ≥ 0, (33)

Mα
h1 ≥ 0,Mα

h2 ≥ 0, Sαm1 ≥ 0, Sαm2 ≥ 0, Eαm1 ≥ 0, Eαm2 ≥ 0, Iαm1 ≥ 0, Iαm2 ≥ 0. (34)
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The lower bounds of the total human and mosquito populations of the model (13)-(28) are given
respectively by:

Nα
h1 = Sαh1 + Eαh1 + Iαh1 +Rαh1 +Mα

h1 and Nα
m1 = Sαm1 + Eαm1 + Iαm1. (35)

The upper bounds of the total human and mosquito populations of the model (13)-(28) are given
respectively by:

Nα
h2 = Sαh2 + +Eαh2 + Iαh2 +Rαh2 +Mα

h2 and Nα
m2 = Sαm2 + Eαm2 + Iαm2. (36)

3 Mathematical analysis of the model

In this section, we do the analytical analysis of the model (13)-(28). The wellposedness, equi-
librium of the model and computation of the fuzzy basic reproduction number are presented.
Finally, global stabilities analysis of the disease free and endemic equilibrium are provided.

3.1 Wellposedness of the model

Let given Y (t) = (Sαh1, S
α
h2, E

α
h1, E

α
h2, I

α
h1, I

α
h2, R

α
h1, R

α
h2,M

α
h1,M

α
h2, S

α
m1, S

α
m2, E

α
m1, E

α
m2, I

α
m1, I

α
m2)

and f : Ω ⊆ R16
+ →⊆ R16

+ ; Y (t) 7→ f(Y (t)) ≡ Ẏ (t), where the feasible set Ω is defined by:

Ω =
{

(Sαh1, S
α
h2, E

α
h1, E

α
h2, I

α
h1, I

α
h2, R

α
h1, R

α
h2,M

α
h1,M

α
h1, S

α
m1, S

α
m2, E

α
m1, E

α
m2, I

α
m1, I

α
m2) ∈ R16

+ :

Nα
h1(t) ≤

Λαh1

µ
,Nα

h2(t) ≤
Λαh2

µ
,Nα

m1(t) ≤ Nα
m1,0 and N

α
m2(t) ≤ Nα

m2,0

}
,(37)

with Nα
m1,0 and Nα

m2,0 the initial total lower and upper bounds of mosquito populations respec-
tively. The function f(Y (t)) is defined by
f(Y (t)) = (f1, f2, f3, f4, f5, f6, f7, f8, f9, f10, f11, f12, f13, f14, f15, f16), where:



f1(Y (t)) = Λαh1 + ηRαh1 − α
(
cmhn

Iαm1
Nα
h

+ µ
)
Sαh1

f2(Y (t)) = Λαh2 + ηRαh2 − α
(
cmhn

Iαm2
Nα
h

+ µ
)
Sαh2

f3(Y (t)) = cmhn
Iαm1
Nα
h
Sαh1 − (σ + µ)Eαh1

f4(Y (t)) = cmhn
Iαm2
Nα
h
Sαh2 − (σ + µ)Eαh2

f5(Y (t)) = σEαh1 + ϕ(1− ρ)Mα
h1 − (γ + µ+ δ)Iαh1

f6(Y (t)) = σEαh2 + ϕ(1− ρ)Mα
h2 − (γ + µ+ δ)Iαh2

f7(Y (t)) = γθIαh1 + ϕρMα
h1 − (η + µ)Rαh1

f8(Y (t)) = γθIαh2 + ϕρMα
h2 − (η + µ)Rαh2

f9(Y (t)) = γ(1− θ)Iαh1 − (ϕ+ µ)Mα
h1

f10(Y (t)) = γ(1− θ)Iαh2 − (ϕ+ µ)Mα
h2

f11(Y (t)) = (1− α)µmNm1 −
(
chmn

Iαh1
Nα
h

+ µm

)
Sαm1 + αµmNm2

f12(Y (t)) = (1− α)µmNm3 −
(
chmn

Iαh2
Nα
h

+ µm

)
Sαm2 + αµmNm2

f13(Y (t)) = chmn
Iαh1
Nα
h
Sαm1 − (σm + µm)Eαm1

f14(Y (t)) = chmn
Iαh2
Nα
h
Sαm2 − (σm + µm)Eαm2

f15(Y (t)) = σmE
α
m1 − µmIαm1

f16(Y (t)) = σmE
α
m2 − µmIαm2

(38)

In condensed form, the system (38) can be written as:
Ẏ (t) = f(Y (t))
Y (0) = (Sαh1(0), Sαh2(0), Eαh1(0), Eαh2(0), Iαh1(0), Iαh2(0), Rαh1(0), Rαh1(0),Mα

h1(0),
Mα
h2(0), Sαm1(0), Sαm2(0), Eαm1(0), Eαm2(0), Iαm1(0), Iαm2(0)).

(39)
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Theorem 2. Given the initial conditions (33)-(34), the system (13)-(28) admits a unique,
positive and bounded solution for all t ≥ 0, α ∈ [0, 1] in the positive invariant compact set Ω
defined in (37).

Proof. The functions on the right-hand side of system (13)-(28) are all C∞−functions, conse-
quently C1−functions. Therefore, the function f , as defined, is a differentiable function. Hence,
by Wiggins & Golubitsky (1990), the function f is a local Lipschitz continued function in some
opened balls containing Y (0). It follows from Cauchy-Lipschitz Theorem (Wiggins & Golubit-
sky, 1990), the system (13)-(28) admits locally a unique solution.

In addition, suppose that Y (t) is a solution of system (13)-(28) with Y (0) ≥ 0, and let t0 be
the smallest positive real t such that Sαh1(t0) = 0 or Sαh2(t0) = 0 or Eαh1(t0) = 0 or Eαh2(t0) = 0
or Iαh1(t0) = 0 or Iαh2(t0) = 0 or Rαh1(t0) = 0 or Rαh2(t0) = 0 or Mα

h1(t0) = 0 or Mα
h2(t0) = 0 or

Sαm1(t0) = 0 or Sαm2(t0) = 0 or Eαm1(t0) = 0 or Eαm2(t0) = 0 or Iαm1(t0) = 0 or Iαm2(t0) = 0. By
continuity of functions Sαh1, S

α
h2, E

α
h1, E

α
h2, I

α
h1, I

α
h2, R

α
h1, R

α
h2,M

α
h1,M

α
h2, S

α
m1, S

α
m2, E

α
m1, E

α
m2, I

α
m1

and Iαm2 there exits t∗ > t0 such that if Sαh1(t0) = 0, then from Equation (13), we have:
Ṡαh1(t0) = Λαh1 +ηRαh1(t0) ≥ 0. Therefore, for all t ∈ [t0, t

∗], Sαh1(t) ≥ 0. Consequently, Sαh1 is pos-
itive for all t. Similarly, we can establish the positivity of Sαh2, E

α
h1, E

α
h2, I

α
h1, I

α
h2, R

α
h1, R

α
h2,M

α
h1,

Mα
h2, S

α
m1, S

α
m2, E

α
m1, E

α
m2, I

α
m1 and Iαm2 for all t ≥ 0.

The solutions Y (t) of the model (13)-(28) are positives for all t ≥ 0. Therefore, the feasible set
Ω is positively invariant, consequently, for all t ≥ 0, the solutions remain positives. Thus, the
model (13)-(28) is well-posed mathematically and biologically meaningful. In addition, after
some computations, one can show that:

Ω =
{

(Sαh1, S
α
h2, E

α
h1, E

α
h2, I

α
h1, I

α
h2, R

α
h1, R

α
h2,M

α
h1,M

α
h1, S

α
m1, S

α
m2, E

α
m1, E

α
m2, I

α
m1, I

α
m2) ∈ R16

+ :

Nα
h1(t) ≤

Λαh1

µ
,Nα

h2(t) ≤
Λαh2

µ
,Nα

m1(t) ≤ Nα
m1,0 and N

α
m2(t) ≤ Nα

m2,0

}
.

Finally, one can verify that the dissipation condition explained in (Caraballo and Han, 2016) is
satisfied for system (13)-(28) and for all t ≥ 0. That is:

f(Y ).Y ≤ a|Y |2 + b;

where a = 8µ+ 2αcmhn+ 6µm + 2chmn+ αµ+ 2(σ + γ + δ + η + ϕ+ σm) and
b = [Λαh1 + Λαh2 + 2(µ+ η + 2cmhn+ σ + ϕ+ γ)] (Nα

h )2 + [2(µm + chmn+ σm)] (Nα
m)2.

Therefore, there exists a unique solution Y (t) of system (13)-(28) globally defined in time.
Additionally, since Sαh1(t) ≤ Nα

h1, Sαh2(t) ≤ Nα
h2, Eαh1(t) ≤ Nα

h1, Eαh2(t) ≤ Nα
h2, Iαh1(t) ≤ Nα

h1,
Iαh2(t) ≤ Nα

h2, Rαh1(t) ≤ Nα
h1, Rαh2(t) ≤ Nα

h2, Mα
h1(t) ≤ Nα

h1, Mα
h2(t) ≤ Nα

h2, Sαm1(t) ≤ Nα
m1,

Sαm2(t) ≤ Nα
m2, Eαm1(t) ≤ Nα

m1, Eαm2(t) ≤ Nα
m2, Iαm1(t) ≤ Nα

m1 and Iαm2(t) ≤ Nα
m2 for all t ≥ 0;

the solution Y (t) is bounded.

3.2 Equilibrium and fuzzy basic reproduction number

3.2.1 Equilibrium of the model

Theorem 3. Consider the system (13)-(28) defined in the positive invariant compact set Ω.
This system admits at least two equilibrium points.

Proof. After some computations, one can show that, there are two equilibrium points. The first
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one, called ”disease-free equilibrium (DFE)”, given by:

Y 0 = (Sα0
h1 , S

α0
h2 , E

α0
h1 , E

α0
h2 , I

α0
h1 , I

α0
h2 , R

α0
h1 , R

α0
h2 ,M

α0
h1 ,M

α0
h2 , S

α0
m1, S

α0
m2, E

α0
m1, E

α0
m2, I

α0
m1, I

α0
m2)

=

(
Λαh1

αµ
,
Λαh2

αµ
, 0, 0, 0, 0, 0, 0, 0, 0, (1− α)Nm1 + αNm2,

(1− α)Nm3 + αNm2, 0, 0, 0, 0) . (40)

This equilibrium occurs in the absence of malaria. In this situation, the whole human populations
belong to the level set α of the fuzzy variable S̃h; and the whole mosquito populations belong
also to the level set α of the fuzzy variable S̃m. The second one, called ”endemic equilibrium
(EE)”, given by:

Y ∗ = (Sα∗h1 , S
α∗
h2 , E

α∗
h1 , E

α∗
h2 , I

α∗
h1 , I

α∗
h2 , R

α∗
h1 , R

α∗
h2 ,M

α∗
h1 ,M

α∗
h2 , S

α∗
m1, S

α∗
m2, E

α∗
m1, E

α∗
m2, I

α∗
m1, I

α∗
m2), (41)

where Sα∗h1 =
(η+µ)(ϕ+µ)Λαh1+η[γθ(ϕ+µ)+ϕργ(1−θ)]Iαh1

α(η+µ)(ϕ+µ)

(
cmhn

Iαm1
Nα
h

+µ

) , Sαh2 =
(η+µ)(ϕ+µ)Λαh2+η[γθ(ϕ+µ)+ϕργ(1−θ)]Iαh2

α(η+µ)(ϕ+µ)

(
cmhn

Iαm2
Nα
h

+µ

) ,

Eαh1 =
cmhn

Iαm1
Nα
h
Sαh1

σ+µ , Eαh2 =
cmhn

Iαm2
Nα
h
Sαh2

σ+µ , Iαh1 =
σ(ϕ+µ)cmhnI

α
m1S

α
h1

(σ+µ)[(ϕ+µ)(γ+µ+δ)−ϕγ(1−ρ)(1−θ)]Nα
h

,

Rαh1 =
[γθ(ϕ+µ)+ϕργ(1−θ)]Iαh1

(η+µ)(ϕ+µ) , Iαh2 =
σ(ϕ+µ)cmhnI

α
m2S

α
h2

(σ+µ)[(ϕ+µ)(γ+µ+δ)−ϕγ(1−ρ)(1−θ)]Nα
h

,

Rαh2 =
[γθ(ϕ+µ)+ϕργ(1−θ)]Iαh2

(η+µ)(ϕ+µ) , Mα
h1 = γ(1−θ)

ϕ+µ Iαh1, Mα
h2 = γ(1−θ)

ϕ+µ Iαh2, Sαm1 = (1−α)µmNm1+αµmNm2

chmn
Iα
h1
Nα
h

+µm
,

Sαm2 = (1−α)µmNm3+αµmNm2

chmn
Iα
h2
Nα
h

+µm
, Eαm1 =

chmn((1−α)µmNm1+αµmNm2)Iαh1
(σm+µm)[chmnI

α
h1+µmNα

h ] , Eαm2 =
chmn((1−α)µmNm3+αµmNm2)Iαh2

(σm+µm)[chmnI
α
h2+µmNα

h ] ,

Iαm1 =
σmEαm1
µm

and Iαm2 =
σmEαm2
µm

.

3.2.2 Fuzzy basic reproduction number, Rα0

In this part, we introduce a new definition of fuzzy basic reproduction number depending on the
level α, noted byRα0 . This threshold measures the average number of new malaria contamination
that one infectious individual can produce when introduced into an healthy population during
his infectious period. We use the well-known algorithm, the next generation matrix’s algorithm,
as explained in (van den Driessche & Watmough, 2002) to compute the fuzzy basic reproduction
number. The compartments Eαh1, E

α
h2, I

α
h1, I

α
h2,M

α
h1,M

α
h2, E

α
m1, E

α
m2, I

α
m1 and Iαm2 of the model

(13)-(28) are considered to be the disease compartments, and Sαh1, S
α
h2, R

α
h1, R

α
h2, S

α
m1, and Sαm2

are the non-disease compartments. Setting F = (F1,F2,F3,F4,F5,F6,F7,F8,F9,F10)T and
V = (V1,V2,V3,V4,V5,V6,V7,V8,V9,V10)T , where Fi represents the rate of new infections in the
ith disease compartment, V+

i is the transfer rate of individuals into compartment i by all other
means while V−i represents the transfer rate of individual out of compartment i, we have these
two matrices:

F =



cmhn
Iαm1
Nα
h
Sαh1

cmhn
Iαm2
Nα
h
Sαh2

0
0
0
0

chmn
Iαh1
Nα
h
Sαm1

chmn
Iαh2
Nα
h
Sαm2

0
0



and V =



(σ + µ)Eαh1

(σ + µ)Eαh2

(γ + µ+ δ)Iαh1 − σEαh1 − ϕ(1− ρ)Mα
h1

(γ + µ+ δ)Iαh2 − σEαh2 − ϕ(1− ρ)Mα
h2

(ϕ+ µ)Mα
h1 − γ(1− θ)Iαh1

(ϕ+ µ)Mα
h2 − γ(1− θ)Iαh2

(σm + µm)Eαm1

(σm + µm)Eαm2

µmI
α
m1 − σmEαm1

µmI
α
m2 − σmEαm2


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The Jacobians of matrices F and V evaluate at the DFE are: F = [Fij ]10×10, where F73 =

chmn
(1−α)Nm1+αNm2

Nα
h

, F84 = chmn
(1−α)Nm3+αNm2

Nα
h

, F19 =
cmhnΛαh1
αµNα

h
, F2,10 =

cmhnΛαh2
αµNα

h
and Fij = 0,

for all other i, j; and

V =



k1 0 0 0 0 0 0 0 0 0
0 k1 0 0 0 0 0 0 0 0
−σ 0 k2 0 −k4 0 0 0 0 0
0 −σ 0 k2 0 −k4 0 0 0 0
0 0 −k3 0 k5 0 0 0 0 0
0 0 0 −k3 0 k5 0 0 0 0
0 0 0 0 0 0 k6 0 0 0
0 0 0 0 0 0 0 k6 0 0
0 0 0 0 0 0 −σm 0 µm 0
0 0 0 0 0 0 0 −σm 0 µm


,

where:

k1 = σ + µ, k2 = γ + µ+ δ, k3 = γ(1− θ), k4 = ϕ(1− ρ), k5 = ϕ+ µ and k6 = σm + µm. (42)

The fuzzy basic reproduction number depending on level α, is given by:

Rα0 = ρ(FV −1) = n

√
Λαh2chmcmhk5σσm

αk1k6µµm(k2k5 − k3k4)

(1− α)Nm3 + αNm2

(Nα
h )2

, (43)

with k2k5−k3k4 = ϕ(µ+ δ)+µ(γ+µ2 + δ)+γρϕ(1−θ) > 0. Where ρ(.) represents the spectral
radius of the next generation matrix FV −1.

When Rα0 < 1, malaria disappears in the population and when Rα0 > 1, malaria continues to

spread in the population and becomes endemic. The fraction (1−α)Nm3+αNm2

(Nα
h )2

represents the

weighted proportion of mosquitoes in the entire level set of human population. The ratios 1/k1

and 1/k6 represent the latent periods of human and mosquito populations respectively. With
a specific level α ∈]0, 1], we have the corresponding related fuzzy basic reproduction number.
Notice that the level α is inversely proportional to the fuzzy basic reproduction number Rα0 .
That is, as α increases, Rα0 decreases.

3.3 Stability of the Disease-Free Equilibrium

Theorem 4. The disease free equilibrium Y 0 =
(

Λαh1
αµ ,

Λαh2
αµ , 0, 0, 0, 0, 0, 0, 0, 0, (1− α)Nm1 + αNm2,

(1− α)Nm3 + αNm2, 0, 0, 0, 0) of system (13)-(28) is globally asymptotically stable in the invari-
ant positive compact set Ω if Rα0 ≤ 1 for all α ∈]0, 1]. If Rα0 > 1, the disease free equilibrium
is unstable, the system is uniformly persistent and there exists at least one equilibrium point in
the interior of Ω.

Proof. For the construction of the Lyapunov function, we use the matrix-theoretical method as
explained in (Shuai & van den Driessche, 2013). Assume that
x = (Eαh1, E

α
h2, I

α
h1, I

α
h2,M

α
h1,M

α
h2, E

α
m1, E

α
m2, I

α
m1, I

α
m2)T and y = (Sαh1, S

α
h2, R

α
h1, R

α
h2, S

α
m1, S

α
m2)T .

The computations of f(x, y) = (F − V )x−F(x, y) + V(x, y) give:
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f(x, y) = (F − V )x−F(x, y) + V(x, y) =



cmhnI
α
m1

(
Λαh1
αµNα

h
− Sαh1

Nα
h

)
cmhnI

α
m2

(
Λαh2
αµNα

h
− Sαh2

Nα
h

)
0
0
0
0

chmnI
α
h1

Nα
h

[(1− α)Nm1 + αNm2 − Sαm1]
chmnI

α
h2

Nα
h

[(1− α)Nm3 + αNm2 − Sαm2]

0
0



.

Since Sαh1 ≤ Nα
h , S

α
h2 ≤ Nα

h , S
α
m1 ≤ (1 − α)Nm1 + αNm2 and Sαm2 ≤ (1 − α)Nm3 + αNm2,

then f(x, y) ≥ 0. Notice again that F ≥ 0, V −1 ≥ 0 and f(x, yT ) = 0 in the feasible set
Ω. Therefore, since the matrix V −1F is reducible, we use Theorem 2.1 in (Shuai & van den
Driessche, 2013) to construct Lyapunov function of system (13)-(28). For this construction, let
ωT = (v1, v2, v3, v4, v5, v6, v7, v8, v9, v10) ≥ 0 be the left eigenvector of the non-negative matrix
V −1F corresponding to the eigenvalue Rα0 . Then:

(v1, v2, v3, v4, v5, v6, v7, v8, v9, v10)V −1F = Rα0 (v1, v2, v3, v4, v5, v6, v7, v8, v9, v10) (44)

From Equation (44), we obtain: v1 = v2 = v5 = v6 = v7 = v8 = 0,

v3 =
chmn[(1− α)Nm1 + αNm2]σm

Rα0k6µmNα
h

v9, v9 ∈ R+ and v4 =
chmn[(1− α)Nm3 + αNm2]σm

Rα0k6µmNα
h

v10,

where v10 ∈ R+. Therefore,

ωT =

(
0, 0,

chmn[(1− α)Nm1 + αNm2]σm
Rα0k6µmNα

h

v9,
chmn[(1− α)Nm3 + αNm2]σm

Rα0k6µmNα
h

v10, 0, 0, 0, 0, v9, v10

)
.

By Theorem 2.1 of (Shuai & van den Driessche, 2013), the function L defined by:

L = ωTV −1x

=

[
chmnσσmk5

Rα0k1k2k6µmNα
h (1− k3k4)

[((1− α)Nm1 + αNm2)v9E
α
h1 + ((1− α)Nm3 + αNm2)v10E

α
h2]

+
σm
µmk6

(v9E
α
m1 + v10E

α
m2) +

chmn[(1− α)Nm1 + αNm2]σm
Rα0k6µmNα

h (k2k5 − k3k4)
(k5I

α
h1 + k4M

α
h1)v9

+
chmn[(1− α)Nm3 + αNm2]σm
Rα0k6µmNα

h (k2k5 − k3k4)
(k5I

α
h2 + k4M

α
h2)v10 +

1

µm
(v9I

α
m1 + v10I

α
m2)

]
, v9 > 0 and v10 > 0,

∀ Y 6= Y 0, Y ∈ Ω;

is a candidate Lyapunov function for system (13)-(28) with k1, k2, k3, k4, k5 and k6 defined in
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(42). The differentiation of L with respect to t gives:

L̇ = (Rα0 − 1)ωTx− ωTV −1f(x, y)

= (Rα0 − 1)

[
chmnσm
Rα0k6µmNα

h

[((1− α)Nm1 + αNm2)v9I
α
h1

+ ((1− α)Nm3 + αNm2)v10I
α
h2] + v9I

α
m1 + v10I

α
m2]

− chmcmhn
2σσmk5[(1− α)Nm1 + αNm2]

Rα0k6µmk1k2(1− k3k4)Nα
h

(
Λαh1

αµNα
h

−
Sαh1

Nα
h

)
v9I

α
m1

− chmcmhn
2σσmk5[(1− α)Nm3 + αNm2]

Rα0k6µmk1k2(1− k3k4)Nα
h

(
Λαh2

αµNα
h

−
Sαh2

Nα
h

)
v10I

α
m2

− chmnσm
k6µmNα

h

[(1− α)Nm1 + αNm2 − Sαm1]v9I
α
h1

− chmnσm
k6µmNα

h

[(1− α)Nm3 + αNm2 − Sαm2]v10I
α
h2. (45)

Since Sαh1 ≤ Nα
h , S

α
h2 ≤ Nα

h , S
α
m1 ≤ (1 − α)Nm1 + αNm2 and Sαm2 ≤ (1 − α)Nm3 + αNm2,

if Rα0 ≤ 1, then L̇ < 0, which implies that L is a Lyapunov function for system (13)-(28).

Furthermore, L̇ = 0 implies that Iαh1 = Iαh2 = Iαm1 = Iαm2 = 0, Sαh1 =
Λαh1
αµ , S

α
h2 =

Λαh2
αµ , S

α
m1 =

(1−α)Nm1 +αNm2 and Sαm2 = (1−α)Nm3 +αNm2. Thus, the largest invariant set of the model
(13)-(28) when L̇ = 0 in the interior of the feasible set Ω is the singleton {Y 0}. Therefore,
by the LaSalle’s invariance principle (LaSalle, 1976), the disease-free equilibrium Y 0 is globally
asymptotically stable provided that Rα0 ≤ 1. for all α ∈]0, 1]. In addition, if Rα0 > 1, then L̇ > 0

for Sαh1 =
Λαh1
αµ , S

α
h2 =

Λαh2
αµ , S

α
m1 = (1−α)Nm1 +αNm2 and Sαm2 = (1−α)Nm3 +αNm2. Therefore,

by continuity, L̇ remains positive in a small neighborhood of the disease-free equilibrium Y 0,
implies that Y 0 is unstable when R0 > 1, and using Theorem 2.1 of (Shuai & van den Driessche,
2013), the system (13)-(28) is uniformly persistent, implies that there exists at least one endemic
equilibrium of system (13)-(28), noted by Y ∗, defined by (41) in the interior of the feasible set
Ω.

3.4 Stability of the Endemic Equilibrium

Theorem 5. The endemic equilibrium Y ∗ ∈ int(Ω) defined in (41) of the system (13)-(28) is
globally asymptotically stable in the interior of the positively-invariant compact set Ω if Rα0 > 1,
with α ∈]0, 1].

Proof. We use the graph-theoretical method as explained in (Shuai & van den Driessche, 2013).
For the construction of a lyapunov function, let:

L1 = Sαh1 − Sα∗h1 − Sα∗h1 ln(Sh1/S
α∗
h1 ) ; L2 = Sαh2 − Sα∗h2 − Sα∗h2 ln(Sh2/S

α∗
h2 )

L3 = Eαh1 − Eα∗h1 − Eα∗h1 ln(Eh1/E
α∗
h1 ) ; L4 = Eαh2 − Eα∗h2 − Eα∗h2 ln(Eh2/E

α∗
h2 )

L5 = Iαh1 − Iα∗h1 − Iα∗h1 ln(Ih1/I
α∗
h1 ) ; L6 = Iαh2 − Iα∗h2 − Iα∗h2 ln(Ih2/I

α∗
h2 )

L7 = Rαh1 −Rα∗h1 −Rα∗h1 ln(Rh1/R
α∗
h1) ; L8 = Rαh2 −Rα∗h2 −Rα∗h2 ln(Rh2/R

α∗
h2)

L9 = Mα
h1 −Mα∗

h1 −Mα∗
h1 ln(Mh1/M

α∗
h1 ) ; L10 = Mα

h2 −Mα∗
h2 −Mα∗

h2 ln(Mh2/M
α∗
h2 )

L11 = Sαm1 − Sα∗m1 − Sα∗m1 ln(Sm1/S
α∗
m1) ; L12 = Sαm2 − Sα∗m2 − Sα∗m2 ln(Sm2/S

α∗
m2)

L13 = Eαm1 − Eα∗m1 − Eα∗m1 ln(Em1/E
α∗
m1) ; L14 = Eαm2 − Eα∗m2 − Eα∗m2 ln(Em2/E

α∗
m2)

L15 = Iαm1 − Iα∗m1 − Iα∗m1 ln(Im1/I
α∗
m1) and L16 = Iαm2 − Iα∗m2 − Iα∗m2 ln(Im2/I

α∗
m2)

The weights of digraph generated by the derivatives of functions Li,∀i ∈ {1, 2, 3, . . . , 16} with

respect to t are: a1,15 = αcmhn
Iα∗m1
Nα
h
Sα∗h1 , a17 = ηRα∗h1 , a2,16 = αcmhn

Iα∗m2
Nα
h
Sα∗h2 , a28 = ηRα∗h2 , a31 =
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cmhn
Iα∗m1
Nα
h
Sα∗h1 , a42 = cmhn

Iα∗m2
Nα
h
Sα∗h2 , a53 = σEα∗h1 , a59 = ϕ(1 − ρ)Mα∗

h1 , a64 = σEα∗h2 , a6,10 = ϕ(1 −
ρ)Mα∗

h2 , a75 = γθIα∗h1 , a79 = ϕρMα∗
h1 , a86 = γθIα∗h2 , a8,10 = ϕρMα∗

h2 , a95 = γ(1− θ)Iα∗h1 , a10,6 = γ(1−
θ)Iα∗h2 , a11,5 = a13,5 = chmn

Iα∗h1
Nα
h
Sα∗m1, a12,6 = a14,6 = chmn

Iα∗h2
Nα
h
Sα∗m2, a15,13 = σmE

α∗
m1 and a16,14 =

σmE
α∗
m2; and all other aij = 0 such that the weighted matrix is A = [aij ]16×16, where aij > 0, (the

weight of arc (j, i)). This implies that the first condition of Theorem 3.5 in (Shuai & van den
Driessche, 2013) is satisfied. One can check that in each directed cycle of the graph (G,A), we
have: G71 +G13 +G35 +G57 = G10,6 +G6,10 = G82 +G24 +G46 +G68 = G13 +G35 +G5,13 +
G13,15 +G15,1 = G14,16 +G16,2 +G24 +G46 +G6,14 = G59 +G95 = 0. This means that the second
condition of Theorem 3.5 in (Shuai & van den Driessche, 2013) is also satisfied, therefore, there
exists ci,i∈{1,2,...,15,16} such that:

L =
16∑
i=1

ciLi, (46)

is a Lyapunov function for system (13)-(28). The relations between ci are therefore derived
from theorems 3.3 and 3.4 of (Shuai & van den Driessche, 2013) as follow: c7 = c1a17/(a75 +
a79), c3 = c1(a17 + a1,15)/a31, c5 = c3a31/a53, c2 = c4a42/(a28 + a2,16), c6 = c4a42/a64, c16 =
c2a2,16/a16,14, c1 = c15a15,13/a1,15, c11 = c12 = 0, c8 = c2a28/(a86+a8,10), c14 = c16a16,14/a14,16, c15 =
c13a13,5/a15,13, c9 = (c5a59 + c7a79)/a95, c10 = (c6a6,10 + c8a8,10)/a10,6. From the values of ci,
Relation (46) becomes:

L =

10∑
i=1

ciLi +

16∑
i=13

ciLi. (47)

The fact that L̇ =
∑16

i=1 ciL̇i ≤ 0 implies that Y = Y ∗. Hence, the largest invariant set for
system (13)-(28), where L̇ = 0 is the singleton set {Y ∗}. This proves the uniqueness and global
asymptotic stability of Y ∗in the interior of Ω provided that R0 > 1.

4 Numerical analysis

In this section, we present the numerical results of the model (13)-(28). It is very important
to notice that when the level α = 1, we obtain the same results as in (Mangongo et al., 2022).
This proves the flexibility of fuzzy models, comparing with the deterministic one. This flexibility
gives us possibility to do several analysis for different level α. After presenting the values of
parameters and initial conditions of state variables, we start first by the local sensitivity analysis
of the model and we end the section by some numerical simulations for different level α.

4.1 Parameter values and initial conditions for state variables

All parameter values used in this paper are summarized in Table 1. The lifespan of an Anopheles
mosquito is estimated in the range of 13 to 23 days (Ndoen et al., 2012). Taking the inverse
of the upper bound of it, we obtain the natural death rate of mosquito µm = 435 × 10−4.
The lifespan of Plasmodium species depends on each type of them, but in most of cases, it
ranges between 12 to 14 days (Adugna et al., 2022). Taking the inverse of upper bound of this
range, we obtain the incubation rate of mosquito σm = 71 × 10−3. About the initial condi-
tions of the fuzzy state variables, we suppose that: S̃m0 = (50, 100, 150), Ẽm0 = (25, 50, 75)
and Ĩm0 = (75, 100, 125). Adding them, we get the fuzzy initial population of mosquitoes,
which is given by Ñm0 = (Nm01, Nm02, Nm03) = (150, 250, 350). For the crisp states variables,
we suppose that Sh0 = 200, Eh0 = 100, Ih0 = 100, Rh0 = 50 and Mh0 = 50. The fuzzifica-
tion of the initial conditions of the crisp state variables gives: S̃h0 = (150, 200, 300), Ẽh0 =
(75, 100, 150), Ĩh0 = (75, 100, 150), R̃h0 = (30, 50, 90) and M̃h0 = (30, 50, 90), which are triangu-
lar fuzzy variables. The level sets α of our initial conditions are given by: Sαh0 = [Sαh01, S

α
h02] =

[150 + 50α, 300 − 100α], Eαh0 = [Eαh01, E
α
h02] = [75 + 25α, 150 − 50α], Iαh0 = [Iαh01, I

α
h02] = [75 +
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25α, 150−50α], Rαh0 = [Rαh01, R
α
h02] = [30 + 20α, 90−40α],Mα

h0 = [Mα
h01,M

α
h02] = [30 + 20α, 90−

40α], Sαm0 = [Sαm01, S
α
m02] = [50+50α, 150−50α], Eαm0 = [Eαm01, E

α
m02] = [25+25α, 75−25α] and

Iαm0 = [Iαm01, I
α
m02] = [75+25α, 125−25α]. For a specific level α ∈ [0, 1], we can find the specifics

corresponding level sets α for each state variable. The fuzzification of constant recruitment Λh
into a triangular fuzzy variable can be Λ̃h = (0.5; 1; 1.5). The level set α of Λ̃h is therefore
Λ̃αh = [0.5 + 0.5α; 1.5− 0.5α].

4.2 Local sensitivity analysis

The local sensitivity analysis gives an idea of some control parameters that are very important to
reduce very significantly Rα0 in order to control malaria. The threshold Rα0 is a very important
tool in the mathematical analysis of the spread of a disease, therefore, it’s very important to
analyze its sensitivity according to each control parameter compose it. We calculate first

∂Rα0
∂κ

κ
Rα0

for each parameter κ using the baseline values given in Table 1. These calculations lead us to
find the sensitivity indices, which measure the ratio of relative change in Rα0 to the relative
change in parameter κ. See Table 2. We can see from that Table the derivatives of Rα0 do not
depend on the level α.

Table 2: Sensitivity indices of Rα0 relative to some control parameters of the model

Parameters Formula:
∂Rα0
∂κ
∗ κ
Rα0

Values Ranges Indices

n 1 4 1-10 1

γ −γ(k5 − (1− θ)k4)

2(k2k5 − k3k4)
0.071 0.002-0.2 -0.5

θ − γθk4

2(k2k5 − k3k4)
0.2 0.01-1 -0.5

ϕ −ϕk3((1− ρ)k5 − k4)

2k5(k2k5 − k3k4)
0.1 0.005-0.5 0.0008098

The average number of mosquito bites takes the top of the list with sensitivity index 1. The
proportion θ of humans who recover and the recovery rate γ come in the second position with
sensitivity index -0.5, followed by the relapse rate whose the sensitivity index is 0.0008098. This
means that, the average number of mosquito bites influences very significantly the spread of
malaria in the population. This implies the well-known policy measures, like the use of bed nets
and spray of insecticides for killing mosquitoes.

4.3 Numerical simulations

In this section, we realize some numerical simulations of the model (13)-(28) for different levels
α, α = 0.5 and α = 0.9. From Figures 2 and 3, we see the endemic trends of both human and
mosquito populations respectively for α = 0.5.
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Figure 2: Endemic trends of human populations at level α = 0, 5 with parameter values given
in Table 1 and initial conditions given in section 4.1. The corresponding fuzzy basic repro-
duction number and the estimated endemic state for human populations are Rα0 = 3.057 and
(Sαh1, S

α
h2, E

α
h1, E

α
h2, I

α
h1, I

α
h2, R

α
h1, R

α
h2,M

α
h1,M

α
h2) = (2502, 3157, 56, 116, 836, 1139, 624, 836, 492, 683)

respectively.

0 10 20 30 40 50 60 70

time (days)

0

50

100

150

200

250

nu
m

be
r 

of
 m

os
qu

ito
es

S
m1

S
m2

E
m1

E
m2

I
m1

I
m2

Figure 3: Endemic trends of mosquito populations at level α = 0.5 with parameter values
given in Table 1 and initial conditions given in section 4.1. The corresponding fuzzy basic re-
production number and the estimated endemic state for mosquito populations are Rα0 = 3.057 and

(Sαm1, S
α
m2, E

α
m1, E

α
m2, I

α
m1, I

α
m2) = (150, 206, 32, 61, 17, 34) respectively.

At the level α = 0.9, we have the endemic trends of both human and mosquito populations
given in Figures 4 and 5 respectively. At this level, we notice that the lower and upper bounds
of each class are very closer. This fact means that as α increases, the lower and upper bounds
of the level set α of a corresponding fuzzy variable converge towards a single value.

Figures 6-9 give some disease-free trends of both human and mosquito populations at different
levels α. The control will be done in three parameters, the average number n of mosquito bites,
the proportion θ of humans who recover and the recovery rate γ of humans. Figures 6 and 7
give the disease-free trends of both human and mosquito populations at the level α = 0.5.
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Figure 4: Endemic trends of human populations at level α = 0.9 with param-
eter values given in Table 1 and initial conditions given in section 4.1. The cor-
responding fuzzy basic reproduction number is Rα0 = 1.94. The estimated en-
demic state for human populations is: (Sα∗h1 , S

α∗
h2 , E

α∗
h1 , E

α∗
h2 , I

α∗
h1 , I

α∗
h2 , R

α∗
h1 , R

α∗
h2 ,M

α∗
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h2 ) =

(3003, 3128, 73, 74, 774, 834, 663, 707, 469, 504).
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Figure 5: Endemic trends of mosquito populations at level α = 0.9 with parameter values
given in Table 1 and initial conditions given in section 4.1. The corresponding fuzzy basic re-
production number is Rα0 = 1.94. The estimated endemic state for mosquito populations is:

(Sα∗m1, S
α∗
m2, E

α∗
m1, E

α∗
m2, I

α∗
m1, I

α∗
m2) = (173, 185, 42, 48, 23, 27).

At level α = 0.9, we have the disease-free trends of both human and mosquito populations given
in Figures 8 and 9. As in endemic trends, we can notice that, as the level α increases, the lower
and upper bounds of the level set α of a corresponding fuzzy variable converge towards a single
value. This fact confirms again the flexibility of fuzzy models comparing with the deterministic
one, although we reach to the same control measures as found by Mangongo et al. (2022).

5 Discussion and concluding remarks

In this paper, we analyzed a mathematical model for malaria transmission dynamics with re-
lapse and ignorant infected humans in a fuzzy environment. We assumed that the mosquito
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Figure 6: Disease-free trends of human populations at level α = 0.5 with parameter values
given in Table 1, except θ = 0.6 ; γ = 0.2 and n = 2. The corresponding fuzzy basic re-
production number is Rα0 = 0.53. The estimated disease-free state for human populations is:
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Figure 7: Disease-free trends of mosquito populations at level α = 0.5 with parameter values
given in Table 1, except θ = 0.6 ; γ = 0.2 and n = 2. The corresponding fuzzy basic re-
production number is Rα0 = 0.53. The estimated disease-free state for mosquito populations is:

(Sα0m1, S
α0
m2, E

α0
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m2) = (200, 300, 0, 0, 0, 0).

populations are fuzzy variables. Using level set α, we formulated the deterministic counterpart
of the original fuzzy model and we shown that for different levels α ∈]0, 1], we can generate
several models and doing several analysis. Additionally, we proved that fuzzy models are more
general than deterministic one. The equilibrium of the deterministic counterpart of the fuzzy
model reveals that in the absence of malaria, the human and mosquito populations belong to
the level set α of the fuzzy variables S̃h and S̃m respectively. We computed and introduced a
new definition of the fuzzy basic reproduction number, Rα0 depending on α and we proved that
the disease-free equilibrium is globally asymptotically stable in the invariant positive compact
set Ω if Rα0 ≤ 1 for all α ∈]0, 1]. Otherwise, the disease-free equilibrium is unstable and there
exists at least one endemic equilibrium point in the interior of Ω for all α ∈]0, 1].
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Figure 8: Disease-free trends of human populations at level α = 0.9 with parameter values
given in Table 1 except θ = 0.6 ; γ = 0.2 and n = 2. The corresponding fuzzy basic re-
production number is Rα0 = 0.34. The estimated disease-free state for human populations is:
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Figure 9: Disease-free trends of mosquito populations at level α = 0.9 with parameter val-
ues given in Table 1 except θ = 0.6 ; γ = 0.2 and n = 2. The corresponding fuzzy basic re-
production number is Rα0 = 0.34. The estimated disease-free state for mosquito populations is:
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Figures 6-9 show that as α increases, the fuzzy basic reproduction number Rα0 decreases. Analy-
sis must be done for value of α very closer to one, in order to control malaria. That is, in order to
have the fuzzy basic reproduction number less than unity. Table 2 gives the sensitivity analysis
and shows that, the level α does not influence the sensitivity indices of parameters. In addition,
parameter n has a higher sensitivity index, followed by γ and θ. To control malaria, we have to
increase the proportion θ of humans who recover, that is, we must reduce the number of igno-
rant infected humans in the population. Analysis have been done for different values of α, and
taking α = 0.9, with parameter values on Table 1, we obtain the endemic trends of both human
and mosquito populations. The corresponding fuzzy basic reproduction number is Rα0 = 1.944.
Taking θ = 0.6; γ = 0.2;n = 2 and level α = 0.9, we reached the disease-free equilibrium point.
Its corresponding fuzzy basic reproduction number is Rα0 = 0.34. Analysis must be done for
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value of α very closer to unity, because at this level, values has a greatest possibility to occur
and we have a smallest value of the fuzzy basic reproduction number (Rα0 < 1).

In this paper, we considered only the mosquito populations as fuzzy variables. We didn’t consider
other parameters as fuzzy varaibles. For future work, one can consider other parameters as
fuzzy variables, such as transmission and recovered rates, to capture very closely the dynamics
transmission of malaria. The same concepts of fuzzy sets theory may be applied in the other
diseases.
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