Advanced Mathematical Models & Applications jomard
Vol.8, No.3, 2023, pp.464-484 Publishing

GLOBAL STABILITY ANALYSIS OF TRANSMISSION DYNAMICS
OF A MODEL OF MALARIA WITH FUZZY MOSQUITO POPULATIONS|

Yves Tinda Mangongo'*, "“' Joseph-Désiré Kyemba Bukwelil,

Justin Dupar Busili Kampempe!, Justin Manango Wazute Munganga®

Department of Mathematics and Computer Science, University of Kinshasa,
Kinshasa, DRCongo
2Department of Mathematical Sciences, University of South Africa, Pretoria, South Africa

Abstract. In this article, we analyze a model of malaria dynamics transmission in a fuzzy environment by
assuming that the mosquito populations are fuzzy variables. From the fuzzy system of differential equations, we
derive its deterministic counterpart using level set « of a fuzzy number, with o € [0,1]. We prove that in the
absence of malaria, the human and mosquito populations belong to the level set « of the fuzzy susceptible humans
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asymptotically stable if the fuzzy basic reproduction number R§ is less than 1 for all level o €]0,1]. When
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1 Introduction

Malaria, one of the oldest diseases, remains a major health problem worldwide, especially in the
low-income countries (O.M.S.| |2022; Olaniyi et all |2022). In 2021, nearly half of the world’s
population was at risk of malaria. The estimated number of malaria deaths stood at 619 000
(W.H.O.). Malaria is caused by a parasite named ”Plasmodium”, the parasites are transmitted
through the bites of an infectious female Anopheles (W.H.O, |2010; [PNLP, Mars 2018)). Among
the ”Plasmodium” that wreak most havocs on human population are ”Plasmodium” falciparum
and vivax (W.H.O.).

Mathematical modeling provides a powerful tool to describe and to analyze the spread process
of malaria and its complex mechanisms of transmission. In deterministic (standard) approach,
many studies have been done: |Djidjou-Demasse et al. (2020), Olaniyi et al. (2020), Olaniyi
et al.| (2022), |Atangana & Qureshi| (2020), [Ndamuzi & Gahungu (2021)), Herdicho et al.| (2021)),
Mangongo et al.| (2022), Olaniyi et al.| (2022), Keno et al. (2022) and references therein, since
Ronald Ross in 1910. Some of them are interested in seasonal mosquito life-history traits and
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optimal control of the disease. For more details, see Djidjou-Demasse et al.| (2020), Olaniyi et al.
(2020)), |Olaniyi et al.| (2022), Atangana & Qureshi| (2020)), Ndamuzi & Gahungu (2021)), Herdicho
et al. (2021) and references therein. Some of them used caputo derivative to design models
(Park et al., [2020). Mangongo et al. (2022) recently designed and analyzed a mathematical
model for malaria transmission dynamics, in which they introduced the concept of ignorant
infected humans. They proved that ignorant infected humans are those who influence very
significantly the spread of malaria in the population. |Olaniyi et al.| (2022) analyzed a social
hierarchy-structured model for malaria transmission dynamics. They assumed that the infection
of malaria depends on the social classes to which the individuals belong. An optimal control
analysis of malaria epidemic in the presence of temperature variability was proposed by [Keno
et al.[(2022)). They analyzed the impact of temperature variability on the transmission dynamics
of malaria. They used the Pontraygin’s maximum principle to obtain the necessary condition
for the optimal control problem.

To incorporate the high degree of subjectivity and imprecision in modeling diseases, some
studies used fuzzy set theory introduced by |Zadeh| (1965), we can cite: |De Barros et al.| (2003),
De Barros et al.| (2000)), Alamin et al.| (2020)), Mondal et al.| (2015), Verma et al. (2018), |Singh
et al.| (2023). Many other real world situations used fuzzy set theory to model problems such
as in artificial intelligence, mathematical programming, etc. (Gazi et al., 2023; Momena et al.,
2023). In the same vein Dayan et al. (2022a)b) and |Allehiany et al.| (2022)) have been done
studies in fuzzy modeling of infectious diseases. For mosquito-borne diseases, we have the work
of Bhuju et al.| (2020), who used fuzzy set theory to design and analyze a model of dengue disease
in Nepal. They assumed that transmission and recovered rates are fuzzy numbers depending on
the viral load. Mangongo et al.| (2021a)) proposed a fuzzy analysis of the transmission dynamics
of malaria by assuming that transmission and recovered rates are fuzzy numbers depending on
the parasites density. They introduced the fuzzy basic reproduction number, the fuzzy analysis
of equilibria and fuzzy global asymptotic stability analysis of the disease free equilibrium. Dayan
et al.|(2022c) studied the dynamics of a fuzzy epidemic model of a mosquito-borne disease. In
their paper, they assumed that the chance of occurrence of dengue infection, the recovered
and mortality rates of humans populations are fuzzy numbers. Singh et al. (2023) discussed a
mathematical model focused on severely infected people of malaria transmission in both crisp
and fuzzy environments.

It is well-know that, one of the malaria’s problem is the imprecision or vagueness in the size
of mosquito populations, which is not well-known in reality. To incorporate this vagueness in
a model of malaria dynamics transmission, we assume that the mosquito populations are fuzzy
variables. We will see the implication of a such assumption in biological context of malaria.

The rest of paper is organized as follows: in section 2, we formulate the model, in which
we assume that, the mosquito populations are triangular fuzzy variables, and we derived the
deterministic counterpart of the fuzzy initial model. In section 3, the deterministic counterpart
of the fuzzy initial model is analytically analyzed, then we prove its wellposedness, and analyze
the global asymptotic stability of the disease free equilibrium and the endemic equilibrium using
the fuzzy basic reproduction number. In section 4, some numerical analysis are done. We give
concluding remarks in section 5.

2 Formulation of the model

In this section, we analyze a model of malaria dynamics transmission in which we suppose that
the mosquito populations are fuzzy variables. This assumption is justified by the fact that in the
modeling of malaria, it’s more difficult to estimate the exact number of mosquito populations in a
given environment for a certain period, knowing the short life-span of mosquito populations. The
human population is subdivided into five compartments: susceptible S, exposed E},, infectious
Iy, recovered Rj, and ignorant infected Mj; humans. The ignorant infected humans are those
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who still have Plasmodium parasites after a certain period of treatment without knowing it and
they can relapse to the malaria at a rate ¢ if their immune systems decrease. For the mosquito
populations, we use the classical SEI scheme by incorporating the fuzziness in each state variable.
The latent period of humans is %, where o is the latent rate of humans. The infectious humans
recover at a rate v and they can die due to malaria at a rate §. The recovered humans loss
their immunity and become susceptible again at a rate 7. We denote p the natural death rate of
human populations. We assume that the susceptible human population increases by a constant
recruitment Aj,. The incubation period of mosquitoes is equal to i, where o0, is the incubation
rate of mosquitoes. We denote pu,, the natural death and birth rates of mosquitoes. The flow
diagram describing the fuzzy model is given on Figure . We assume that all model parameters
are crisp numbers, and they are summarized in Table .

nR,

+ Humans

Figure 1: Fuzzy transfer diagram of malaria transmission

The mosquito populations are described as follow: S,,, Ey, and I,,, are the fuzzy susceptible, the
fuzzy exposed and the fuzzy infectious mosquito populations respectively. We assume that all
the fuzzy state variables are triangular fuzzy variables. At each time the human population is
given by

Np(t) = Sn(t) + En(t) + In(t) + Ra(t) + Mp(t), (1)

and the fuzzy mosquito population is given by

No(t) = Sp(t) + En(t) + In = (N1, N2, Nina), (2)

where 7 7 7 represents the fuzziness in a given variable. The concepts about fuzzy sets theory
can be found in Zadeh| (1965); Mangongo et al.| (2021b]); Fard| (2009); Bede et al.| (2013)); Buckley

& Feuring (2000); Seikkala/ (1987)).
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Definition 1. The fuzzy law of mass actions of mosquitoes to humans and for humans to
mosquitoes are given respectively by:

= I, ~ I -
A = cmhthSh, and M\, = chmnﬁf;Sm. (3)

From the transfer diagram of Figure |1, we derive the system — of fuzzy differential equa-
tions with crisp constants.

Table 1: Parameters, meanings, baseline values, dimension and references

Param. Meaning of parameters Values Dimensions Ref.
Ap constant recruitment of susceptible 1 hum./day assumed
humans
o latent rate of humans 0.0588 hum./day (Olaniyi et al., [2020)
¥ recovery rate of humans 0.071 hum./day (Mangongo et al., |2022)
0 proportion of infectious humans who 0.2 - (Mangongo et al., |2022)
recover
1-0 proportion of human who still have
Plasmodium parasites 0.8 - -
m natural death rate of humans 421 x 1077 hum./day (Mangongo et al., [2022)
0 lethality rate 1285 x 1077 hum./day (Mangongo et al., |2022)
n progression rate of Ry, into Sh, 0.02 hum./day (Mangongo et al., |2022)
p proportion of ignorant infected
humans who recover 0.005 - (Mangongo et al., |2022)
1—p proportion of ignorant infected
humans who relapse 0.995 - -
%) relapse rate 0.1 hum./day (Mangongo et al., [2022)
n the average number of mosquito bites 4 bites/day (Zongo|, 12009)
Cmh probability that a bite by an infectious

mosquito to a susceptible human leads
to an infection of this susceptible

human 0.07 - (Zongo|, 12009)
Chm probability that a bite by a susceptible
mosquito to an infectious human leads
to an infection of this susceptible 0.07 - (Zongo, [2009)
mosquito
Lhm, natural death rate of mosquitoes 435 x 1074 mosq./day  (Ndoen et al.,|2012)
Om incubation rate of mosquitoes 71 x 1073 mosg./day  (Adugna et al)[2022)
: I,
Spo= Ap+nRp— | cman——+p | Sp (4)
Ny,
E, = thnNﬂSh — (0 +p)En (5)
h
In = oEp+¢(1—p)My—(v+p+0), (6)
Ry = A0Ih + @pMy — (n + 1) Rp (7)
My = (1 =0)I) — (p+ p) M (8)
3 ~ Ih ~
Sm = NmNm - <ChmnN + Nm) Sm (9)
h
X Ih ~ ~
E, = Chmnﬁsm - (Um + Mm)Em (10)
h
Im = omEBm — pmln (11)
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The system — is solved under the following non-negatives initial conditions:

5n(0) 2 0, E(0) 2 0, 1,(0) 2 0, By (0) 2 0,

r(0) = >
M;(0) > 0,5,,(0) > 0, Ep,(0) >0, 1,(0) > 0. (12)

Notations 1. The fuzzification of variables Sy, Ep, I, Ry, and M}, into triangular fuzzy variables
give: Sy = (Sh1,Sh2,Sn3)s En = (En1, Enz, Ens), In = (In1, In2, Ins), Bn = (Ra1, Rno, Rys) and
M, = (Mhl,th,th) respectively. The level sets a of Sm,Em and I, are gwen by 5’0‘ =

[Se,,5%,], B [E%l,Ea | and I% [I%p—rmz] respectively and the one of S, En, In, Ry,
and Mh are giwen by Sy = [S5,Si5], Eff = [ER, Efyl, I,CL“ = [I}, 155, Ra = [R{, RY,) and

M 5= Mgy, M, hz] respectwely The fuzzzﬁcatzon of the constant recruitment Ah into a triangular
fuzzy number is A, = (Ap1, Ana, Aps) and its level set « is given by Ay = (AR, A%

Theorem (1| gives the deterministic counterpart of system —.

Theorem 1. The deterministic counterpart of fuzzy differential equations — s given by
the system —(@ of mon linear differential equations below:

. ¢
Spm = Ay +nRp -« (thn]\% + M) Sp1 (13)
h
o « le] 17?7,2 «
Sh? = Ah? + nRhQ —Q thnm + 1% Sh2 (14)
h
nlel Ignl « «
Ey, = thnmshl — (0 + pn)Epy (15)
. IahQ
Epy = thnﬁsm (0 + p)Epy (16)
h
Iy = oBpy+ (1 —p)Mpy — (v +p+0)15 (17)
Ity = oEpRy+ (1 —p)Mpy — (v + p+6) I, (18)
o = YOIy + opMy — (n+ p) Ry, (19)
he = YOI + opMpy — (n+ p) Ry (20)
Mpy = (1 =0)I5) — (p + )My, (21)
Mpy = (1 =0)Ip5 — (p + p) My (22)
. Ia
v = (1 —a)umNm — <ChmnNa + um) S5+ apim N2 (23)
. [O‘
%2 = (1 - a)ﬂmNmS - <Ch,mn]\7a + Nm) S%Q + ol N2 (24)
nle] _ IfOL[I a 2
ml = Chmnﬁ — (om + pm) By, (25)
. I
mo = ChmnNiiSfr[Q — (om + tm) Epya (26)
h
w1 = omEp — pmln (27)
m2 = OmEne — pmln, (28)
Proof. Equation can be written as:
jm = (UmEml - ﬂmlmla omEma — ,Um[m% UmEm3 - ,UmIm3) (29)

Let f(t) = (omEm1 — tmImis omEm2 — mIm2, omEms — timlms) € F(R) and t € I C R.
The set F(R) denotes a set of fuzzy numbers. If we assume that the function f is Hukuhara
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differentiable, and if the functions o, Fmi1 — ttmImi, omEme — mIme and o Eng — pmIns are
reals differentiable functions, then the function f can be written after in the form:

t—omEm + ,umIml
Um(EmQ - Eml) + Nm(Iml - ImQ)

f(t) = JmEm3 — ,LLmIm?, —t 7
if OmEm2 — pmIm2 <t < 0pmBms — pimIm3
Om(Ems — Em2) + pim(Im2 — Im3) J omEm2 — timInm mEm3 — tmim

0 elsewhere

Zf omEm1 — #mIml <t<omEma — ,UJmImQ

Therefore for all « € [0, 1], and taking into account the level sets a of I, and E,,, the level set
«a of f can be written as:

)™ = fult) = [fx (8), £ (2], (30)

where
fo () = omEny — pmly, and f;(t) = omEme — tmIns.
We can do the same for Sm and Em.

The fuzzification of S, gives:

. T 1
Sp = (Aﬁl +nRp1 — (thn]\?g + M) Sh1, Apg + 1Ry — <thn]\?j + H) Sha, Ajs + nRp3
h h

I
— (thn]\f; + ,U) Sh3> . (31)

Let p(t) = (Af{l +nRp1 — (thng{ﬁ% + M) Sn1, Afy +nRp2 — (thn 2+ ,u) Sh2, Afs +nRp3
(cmhn NO‘ + u) Sh3> € F(R) and t € I C R. If we assume that function p is Hukuhara differ-

entiable and if the functions A, +nRp1 — (cmhn% + u) Sh1, Afly +1Rp2 — (cmhn Na + u) Sha

and Afs + nRy3 — (cmhn NO‘ + u) Shs are reals differentiable functions, then for all o € [0, 1],
and taking into account the level sets a of Sy, I, and Ry, the level set a of p can be written as:

[Sh]® = pa(t) = [pa (1), p3 (1)), (32)
where

«

_ IS 1%,
P (8) = AGy + 5, — a <cmhnNa + 1) Sy and pE0) = Afy + R, - a <cmhnNa 1) S

We can do the same for Ej, I, R;, and Mj,.

Taking the lower and upper bounds of each level set, we obtain the system —, which is
the deterministic counterpart of the fuzzy system —. O

Remark 1. The system —(@) gives the lower and upper bounds for each fuzzy differential
equation of system —. Each solution, bounded between the lower and upper bounds of each
level set «, is a candidate solution of the corresponding fuzzy differential equation.

Notations 2. The system —(@ 18 solved under the initial conditions:

Sh1 20,85 > 0, Epy >0, Epy > 0,15y > 0,1, > 0, Ry >0, R%z >0, (33)
Mf?l > 07 MfCLy2 > 07 S%l > 07 S?;z? > OvEfréll > OvEfrélQ >0 > O [ (34)

7m1
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The lower bounds of the total human and mosquito populations of the model —(@ are given
respectively by:

Npy = Spy + Epy + Iy + Ry + My and Ny = Spy + Eqy + 15 (35)

The upper bounds of the total human and mosquito populations of the model —(@ are given
respectively by:

N,?Q = S}CLMQ + +E]?2 + I}?Q + R}C:Q + M}?Q and N%Q = Sﬁ;2 + E%z + IgnQ (36)

3 Mathematical analysis of the model

In this section, we do the analytical analysis of the model —. The wellposedness, equi-
librium of the model and computation of the fuzzy basic reproduction number are presented.
Finally, global stabilities analysis of the disease free and endemic equilibrium are provided.

3.1 Wellposedness of the model
Let given Y (t) = (S5, Sio, By, By, I8y, I, RiYy, Rily, My, My, S%1, 8%, By By I8, IS

m1r*~m2) ~“ml» ~m2) *ml> m?)

and f: Q C R -C RIS Y(t) = f(Y(t)) = Y(t), where the feasible set (2 is defined by:

_ «@ e% «@ «@ «@ @ « oY oY «@ « @ @ «@ «@ @ 16 .
Q_{(ShlvSh27Eh17Eh27Ih17[h27 hl» h27Mh17Mh17 mlr»~m2r “mlr “m2> tml» m2)€R+ .

«

A A%
N0 < T N0 < S N0 < N and N3alt) < N | (67

» 4 ¥ml

with N2, o and N, o the initial total lower and upper bounds of mosquito populations respec-

tively. The function 7f (Y(t)) is defined by
f(Y () = (f1. f2, 3, fa, f5, fo, fr, fs fos fr0, fi1, fi2, f13, fi4, f15, f16), where:

AY (@) = Apy+nRy — o (cnnn g + ) Spy
R(Y(8) = Ajy+nRpy —a(cnnngi +u) Spy
Ia [0 [0
f3(Y(t) = thnNL;;Shl — (o + ) Ep,
Ia [0 [0
fa(Y(t) = thnNL;?ShQ — (0 + p)Ex,
fs(Y () = oEp +o(l—p)Mpy — (v +p+ )
fe(Y(t) = oEpy+o(l—p)Mpy — (v + p+ )17,
fr(Y(t)) = 0Ly +opMp — (n+ p) Ry
f8<Y(t)> = VHIi?Q + (PPM}?Q - (77 + /’L)RgZ (38)
foY(t) = ~(1—=0)Ip — (¢ +u)Mpy
fo(Y(t) = ~(1=0)I5y — (o + p)Mp,
IQ
fll(Y(t)) = (1 - a)ﬂmle - ChmnNL]%c + Um S%l + apln N2
fi2Y(t)) = (1—a)umNms — Chmn% + i | Spro + i N2
f3(Y(8) = chmniitS%y — (0m + pm) By
Fu¥ (£) = crmn i Sas = (0m + 1tm) Egeo
fis(Y(t) = omES — il
L fis(Y (1)) = omEno — tmIe

In condensed form, the system (38]) can be written as:

Y(t) = f(Y(t))
Y(0) = (55:(0), 555(0), B3y (0), Ejy(0), I (0), I55(0), Ry, (0), By, (0), Mi (0), - (39)
Mp5(0), 571(0), 552(0), Bt (0), Bz (0), 175,41 (0), 152(0))-

»tml »tm2
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Theorem 2. Given the initial conditions —, the system —(@ admits a unique,
positive and bounded solution for all t > 0,« € [0,1] in the positive invariant compact set §2

defined in .

Proof. The functions on the right-hand side of system - are all C'"°°—functions, conse-
quently C'—functions. Therefore, the function f, as defined, is a differentiable function. Hence,
by [Wiggins & Golubitsky| (1990)), the function f is a local Lipschitz continued function in some
opened balls containing Y (0). It follows from Cauchy-Lipschitz Theorem (Wiggins & Golubit-
skyl, (1990), the system — admits locally a unique solution.

In addition, suppose that Y (¢) is a solution of system (L3))-(28)) with Y (0) > 0, and let ¢ be
the smallest positive real ¢ such that Si¥ (to) = 0 or Si5(to) = 0 or Ep(to) = 0 or Epy(to) =0
or Ip(to) = 0 or If5(tg) = 0 or Ry (to) = 0 or Rf,(to) = 0 or My (to) = 0 or M5 (to) = 0 or
@ (to) =0 or S%y(to) = 0 or ES (to) =0 or ES9(tg) =0 or I%,(to) = 0 or I 5(tg) = 0. By
continuity of functions S}, Sy, Ery, Ere, 11, 11, Ry, Ry, MYy, M7, ml,S’mQ,Eml,Emz,Im1
and If, there exits t* > ¢y such that if S} (to) = 0, then from Equation , we have:
5% (to) = A, +nRY (to) > 0. Therefore, for all t € [to, t*], S, (t) > 0. Consequently, Spy is pos
itive for all ¢. Slmllarly, we can establish the positivity of Sp, B}, E5y, I}, 15, R, Ry, MY,
My, Sois Syos Bty By, Iy and IS5 for all £ > 0.
The solutions Y (¢) of the model — are positives for all ¢ > 0. Therefore, the feasible set
) is positively invariant, consequently, for all ¢ > 0, the solutions remain positives. Thus, the
model — is well-posed mathematically and biologically meaningful. In addition, after
some computations, one can show that:

_ « « a a a a a a a a 16
Q= {(ShlvSh27Eh17Eh2?Ih17[h2v hl> h2>Mh17Mh17 m17S 27Em17 m27 m17 mZ) € R
a

A A¥
Npy(t) < % s Npa(t) < % s N () < Nﬁ{ﬂ,o and Nyo(t) < N%Q,O}’

Finally, one can verify that the dissipation condition explained in (Caraballo and Han, 2016) is
satisfied for system — and for all ¢ > 0. That is:

fY).Y < alY*+0;

where a = 8 + 2aenn + 6, + 2¢pmn +ap+2(c +v+ 0 +n+ ¢ + o) and
b= [Afy + Ay + 2+ 1 4 2emnn + 0 + @ + )] (N)? + [2(m + camn + om)] (N5)%.

Therefore, there exists a unique solution Y (¢) of system — globally defined in time.
Additionally, since S2,(t) < N&, 5%,(t) < N&, E%(t) < N&j, ES(t) < N, I9,(t) < N©,
Iz?z() < Nig, B (1) < Nijys Rio(t) < Nyh, My (1) < Niy, Mis(t) < Nigy, S (t) < N,

ml>
m2(t) < Njo, Efy(t) < Ny Efo(t) < N, I5() < Npyy and I5,(t) < Ngy for all t > 0;

the solution Y'(¢) is bounded. O

3.2 Equilibrium and fuzzy basic reproduction number
3.2.1 Equilibrium of the model

Theorem 3. Consider the system —(@ defined in the positive invariant compact set ).
This system admits at least two equilibrium points.

Proof. After some computations, one can show that, there are two equilibrium points. The first
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one, called ”disease-free equilibrium (DFE)”, given by:

YO = (Sh17Sh27 hl? h2ﬂIh1’Ih27Rh17Rh27Mh17 h27Sm17Sm27 1?37 m27Im1’I%)
A% A¢
— (hl "2 0,0,0,0,0,0,0,0, (1 — &) N1 4+ aNpma,
ap - o
(1 — @) N3 + aNp2, 0,0,0,0) . (40)

This equilibrium occurs in the absence of malaria. In this situation, the whole human populations
belong to the level set « of the fuzzy variable Sp,; and the whole mosquito populations belong
also to the level set a of the fuzzy variable Sy,. The second one, called ”endemic equilibrium
(EE)”, given by:

Qx [e% [e%5 [e% 3 [e%3 ak ak (023
(Sh175h27 h17Eh27Ih1? h2»>+Vhl> h2>M Mh27 ml>~m2r ~ml> =m2> fml> m2)a (41)

where 5% = (?7+u)(<p+u)A21+nh9(<p+#)+<pm( —0lI5y S, = (n+u)(¢+M)A22+n[v9(w+u)+«>m(1 O35,
a(n+p)(p+u) (cmhn N +u> a(n+p) (p+u) (cmhn N -Ht)
I;:Ll (e% m2 (e%

o CmhT NG St B _ Cmh e Sha o — o (o) cmnnl S5y

h1 otpu 0 Th2 ot 0 Thl T (o) () (v Aut8) =y (T—p) (1-0) N

a _ DOetm)+ep(1-0)113 Ie = o(ptm)emnnly,»Shy

h1 (n+) (e+1) h2 ™ (o+p)[(e+) (v+u+0)—py(1—p)(1-0)| N>

_ [0le+p)+epy(1-0)117, M y(1- )I M (1_9)ICM a _ (1=a)umNmitopim Nm2
h2 = (n+) (p+p) h1 = T thl TTh2 T Tpgp T2 Pml T T ’
ChmMRfa THm
a (1 Q)Nm m3+OéMm m2 Ea _ Chmn((l a)NnLNm1+aHmNm2)Ih1 Ea _ chmn((l—a),u,mng—l—a;Lmng)I’?Q
m2 ChmnNa+Mm (Om~+pm)[chmnI gy +pm NE] (omA4pm)[chmnI gy Fpm N
h
(6] — o-nLETVLl (0% — UmE7n2
m1 = — ot and IR, = —ml, O

3.2.2 Fuzzy basic reproduction number, R§

In this part, we introduce a new definition of fuzzy basic reproduction number depending on the
level o, noted by Rf. This threshold measures the average number of new malaria contamination
that one infectious individual can produce when introduced into an healthy population during
his infectious period. We use the well-known algorithm, the next generation matrix’s algorithm,
as explained in (van den Driessche & Watmough, 2002) to compute the fuzzy basic reproduction
number The compartments E}Y, By, It Iy, MY, My, By, Erxo, Iy, and I, of the model
. are considered to be the disease compartments, and Sh17 Sh2, Ry, Rj5, Spqs and Sho
are the non-disease compartments. Setting F = (Fy, Fa, F3, Fa, Fs, Fo, Fr, Fs, Fo, F10)! and
V = (V1, V2, V3, V4, V5, Vs, V7, Vs, Vo, Vio)T, where F; represents the rate of new infections in the
" disease compartment, VZ-+ is the transfer rate of individuals into compartment ¢ by all other
means while V;” represents the transfer rate of individual out of compartment ¢, we have these
two matrices:

I g
CmhTt e Opy

12, o (04 ) Efy
CmhV & D p2 (0 + p)ER,
0 (v + 1+ 0) 15 — 0By — (1 — p) My
0 Ev+u)+5)fﬁ”2 —(JE%)— (1 — p) My,
_ 10 _ | ot p)Myy —~(1=0)I5
=1 WEVZN (o4 )M, — (1 - )15,
Chmnjl\];é a (Um + lu’m)Eml
Chmn]]\;}% %2 (Um + :U’m)Em2
0 Mm[ml - UmEml
Pl e — omEr,

)
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The Jacobians of matrices F and V evaluate at the DFE are F = [Fw]lgxlo, where I3 =

1—a)Nm1+aNm2 1—a)Npm3+aNm2 CmhN CmhNAY
cmﬂl”# Fgy = chmn()w, Fig = ZMNQ , F210 TZWN}%LQ and Fj; =0,

for all other 7, j; and

kh 0 0 0 0 0 0 0 0 O
0 Kk 0 0 0 0 0 0 0 0
—o 0 ke 0 —k4# O 0 0 0 O
0 —o O ko 0 —k4 O 0 0 O
v — 0 0 -k O ks 0 0 0 0 O
0 0 0 —ks3 O ks 0 0 0 O ’
0 0 0 0 0 0 ke 0 0 0
0 0 0 0 0 0 0 ke 0 O
0 0 0 0 0 0O -om 0 un O
0 0 0 0 0 0 0 —om 0 pum

where:
ki =04+ ukya=vy+pu+06ks=~1—-0),ks =01 —p),ks =0+ pand ke = o + pim. (42)

The fuzzy basic reproduction number depending on level «, is given by:

Aa mbtm k m 1- Nm Nm
o_ (Fv—l)zn\/ hzChmCmnks00m (1= 0) Nins + aNona (43)

aklk‘ﬁuum(k‘zkg, — k3k4) (N}?)2 ’

with koks — ksks = (i +08) + p(y + p? +98) +ypp(1 —0) > 0. Where p(.) represents the spectral
radius of the next generation matrix FV 1.

When R§ < 1, malaria disappears in the population and when R§ > 1, malaria continues to
(1*04)Nm3+04Nm2
(Np)?
weighted proportion of mosquitoes in the entire level set of human population. The ratios 1/k;
and 1/kg represent the latent periods of human and mosquito populations respectively. With
a specific level a €]0, 1], we have the corresponding related fuzzy basic reproduction number.
Notice that the level « is inversely proportional to the fuzzy basic reproduction number Rf.

That is, as « increases, R decreases.

spread in the population and becomes endemic. The fraction represents the

3.3 Stability of the Disease-Free Equilibrium

Theorem 4. The disease free equilibrium Y° = /;u’ a’;f,() 0,0,0,0,0,0,0, (1 — &) N1 + aNpe,
(1 — @) N3 + aNp2,0,0,0,0) of system (15)- is globally asymptotically stable in the invari-
ant positive compact set Q if Ry < 1 for all o €]0,1]. If R§ > 1, the disease free equilibrium
1s unstable, the system is uniformly persistent and there exists at least one equilibrium point in

the interior of €.

Proof. For the construction of the Lyapunov function, we use the matrix-theoretical method as
explained in (Shuai & van den Driessche, 2013). Assume that

z = (B, By, Iy, Iy, My, My, Efy, Eo Iy, Ino)™ and y = (S7, Si, Ry, Rila, Siirs Spia) ™
The computations of f(x,y) = (F — V)x — F(z,y) + V(z,y) give:
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A S
thnlgézl au%ﬁ‘ ]\;;%

Aa SO(
cmnnlS o auffl\%{f — NL}?

0

0

0

Since Sp; < NiY, Sy < NiuShy < (1 — )Ny + alNpyg and Spe < (1 — o) Nips + alNpo,
then f(x,y) > 0. Notice again that F' > 0,V~! > 0 and f(z,y”) = 0 in the feasible set
Q). Therefore, since the matrix V~1F is reducible, we use Theorem 2.1 in (Shuai & van den
Driessche, 2013) to construct Lyapunov function of system -. For this construction, let
wl' = (v1,v2,v3,v4, V5, V6, V7, Vs, V9, v10) > 0 be the left eigenvector of the non-negative matrix

V~LF corresponding to the eigenvalue RE. Then:

—1 a
(’01,’l)2,’l)3,’l}4,’l}5,7)6,1)7,1)8,1}9,Ul[))V F = 7?'() (Ul,'U2,'U3,'()4,’05,’06,’07,’08,’09,1}10) (44)

From Equation , we obtain: v = vy = vs =vg = vy =vg =0,
vy = Chmn[(1 — z)le +aosz2]0m ve.ve € RT and vy = chmn[(1 — g)ng +aosz2]om
R§ ke pim Ny, R§ ke pim N,
where v1g € R*. Therefore,
1—a)N, N, 1—a)N, N,
WwT = <(),0, crm( i) ml —i—aa mz]dmvg, chm[( i) m3 +aa mQ]Omvlo,O,O,O,O,vg,mo).
R§ ke pim N} R§ ke pim Ny
By Theorem 2.1 of (Shuai & van den Driessche, |2013), the function L defined by:

V10,

L = JTVv 1z
ChmnO'Umk5

= 1— )N, N, EY 1—«a)N,, Ny, Ef
Reerkakofm N (1 — ake) [((1 = @) N1 + aNm2)vo Ejy + (1 — @) Nimg + alNma)vio By

Om chmn[(l - O[)le + Ole2]0'm
ES ES ksIi' + ka M}
+ Mmkﬁ(vg m1 T vi0En2) + RE koimNE (koks — ks) (ksIyy + ka My )vg
1—a)N, N, 1
+ Chmn[( Od) m3 + & mZ]Um (kg,I}?Q + k‘4M}?2)’010 + 7(1}9[%1 + Um[ﬁ‘ﬂ) ,V9 > 0 and vig > 0,

ngGMmNg(k2k5 — k3k4) Hm
VY #Y° Y e ;

is a candidate Lyapunov function for system — with ki1, ko, k3, k4, ks and kg defined in
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. The differentiation of L with respect to ¢ gives:

L = R —Dwle -V f(z,y)
o ChmMOm
= D (R,
+ (1= a)Nms + aNmz)violps] + voliy + violnol
B ChmCmhn 200 ks[(1 — ) N1 + alNps] ( Ay S,%> sl
R kepimk1ka(1 — kzka) N, apNg — Ne )
B ChmCmhn 200 ks[(1 — o) Nz + alNpo] ( A%, Sﬁ‘2> -

[((1 = @) N1 + aNp2)vglp,

Rekotmkrka(l — kskq)N apuNg  Np
C nao
— %[(1 - Oé)le + alNp2 — ‘51767!11]09]]?1
mAVp,
C no.
(= ) Ny + N2 = SigJunolfy (45)
m

Since Sp; < Ny, Spy, < N, Spy < (1 — )Ny + alNp2 and Sy < (1 — @)Nps + aNpo,
it Ry < 1, then L < 0, Wthh 1mphes that L is a Lyapunov functlon for system 1)1)
Furthermore L = 0 implies that I, = I, = 1%, = I%, = 0,59, = Afy Spy = R S =

m2 )

m1+aNp2 and S5y = (1 — ) N3+ aNpa. Thus, the largest inv;{:lant set ofathe model
when L = 0 in the interior of the feasible set Q is the singleton {Y°}. Therefore,
by the LaSalle s invariance principle (LaSalle|, [1976)), the disease-free equilibrium Y is globally
asymptotically stable provided that R < 1. for all a €]0, 1]. In addition, if R§ > 1, then L>0

for Sp = A Sy = Az ga = (1 —a)Np1 +aNpy2 and S5, = (1 —a) N3 + alNp2. Therefore,

ap? ap ' ~ml T
by continuity, L remains positive in a small neighborhood of the disease-free equilibrium Y,
implies that Y is unstable when R > 1, and using Theorem 2.1 of (Shuai & van den Driessche,
2013), the system — is uniformly persistent, implies that there exists at least one endemic
equilibrium of system —, noted by Y™, defined by in the interior of the feasible set
Q. O

3.4 Stability of the Endemic Equilibrium

Theorem 5. The endemic equilibrium Y™* € int(QY) defined in of the system —(@ is
globally asymptotically stable in the interior of the positively-invariant compact set 2 if R§ > 1,
with o €]0,1].

Proof. We use the graph-theoretical method as explained in (Shuai & van den Driessche, 2013]).
For the construction of a lyapunov function, let:

Ly = Sp— Skt — Sit n(Sn1/Spt) 5 Lo = Spa — Sk — Siia n(Sha/Sp2)

Ly = Ep — By — Epy In(En /ERY) 5 Ly = Ejy — Ejly — Ejy In(Eng/ Ejy)

Ls = Ipy — Iy — IV m(Um /I57) 5 Le = Iny — Iis — Iis n(In2/1;5)

Ly = Rp — Ry — Byt In(Ru /RyY) 5 Ls = Rjyy — Ry5 — B3 In(Rpz/ Rp3)

Ly = My — MY Mh* In(Mp1 /M) 5 Lo = My — M3 Mh* In(Mp2/Mp5)
Lin = Spi— St — Sy In(Sm1/S51) 5 Liz = Spp — 32*2— In(Sma/Sm3)

Lz = Eg—Ep — Ealln Ep1/ERY) 5 Lia = Epg — Eo‘zln( Ena/Enb)
Lis = Iny — Iy — Ly In(Ina /1) and Lig = Iy — I In(Ine /155)

The weights of digraph generated by the derivatives of functions L;,Vi € {1,2,3,...,16} with
respect to t are: aq15 = acmhn%@—}%S}‘i‘f,an = nR}T,a216 = acmhng(,"—}i%S;fQ*,agg = nR}5,a31 =
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cmhn%}%Sﬁl",mg = cmhng(,"—o?s}?z*,ag,g = oEp,as9 = ©(1 — p)Mp,a6a = 0E}S, a6,10 = (1 —
p) My ars = YOIpT  arg = PMhl age = YOI, as10 = Pth sags = Y(1—=0)I7 ai06 = (1 —
I I
9)1;?2,&11 5 = G135 = ChmnNa mis 12,6 = 146 = ChmnNoc Sps,a15,13 = o B and aie14 =
omEg; and all other a;; =0 such that the weighted matrix is A = [ai;]16x16, Where a;; > 0, (the
weight of arc (j,7)). This implies that the first condition of Theorem 3.5 in (Shuai & van den
Driessche, [2013) is satisfied. One can check that in each directed cycle of the graph (G, A), we
have: G71 + G13 + G35 + Gs7 = Gioe + Ge,10 = Gg2 + Goa + Gus + Ges = G113 + G35 + G513 +
G13’15 —|—G15’1 = G14’16 —|—G16’2 + Gog+ Gug —|—G6,14 = (59 +Gg95 = 0. This means that the second
condition of Theorem 3.5 in (Shuai & van den Driessche, 2013)) is also satisfied, therefore, there
exists ¢;ic(1,2,...,15,16) such that:

..... 16
L= Z CiLiy (46)
=1

is a Lyapunov function for system —. The relations between ¢; are therefore derived
from theorems 3.3 and 3.4 of (Shuai & van den Driessche| [2013) as follow: ¢; = cia17/(ars +
arg),c3 = ci(a1r + a1,15)/az1,¢c5 = c3a31/as3,ca = caaq/(as + a2;16),c6 = C4a42/064,C16 =
202,16/ 016,14, C1 = C15015,13/01,15, c11 = c12 = 0, c8 = c2a28/(ags+ag,10), C14 = C16016,14/ 014,165 C15 =
613a13,5/a15713,09 = (C5CL59 + C7a79)/a95,010 = (Cﬁaﬁ,lo + 08@8,10)/a1076~ From the values of Ci,
Relation becomes:

L= ZCZL —i—ZcZ ;. (47)

=13

The fact that L = Z clL < 0 implies that Y = Y*. Hence, the largest invariant set for
system (| . ., where L = 0 is the singleton set {Y*}. This proves the uniqueness and global
asymptotic stability of Y*in the interior of €2 provided that Ry > 1. ]

4 Numerical analysis

In this section, we present the numerical results of the model —. It is very important
to notice that when the level @ = 1, we obtain the same results as in (Mangongo et al., 2022).
This proves the flexibility of fuzzy models, comparing with the deterministic one. This flexibility
gives us possibility to do several analysis for different level a. After presenting the values of
parameters and initial conditions of state variables, we start first by the local sensitivity analysis
of the model and we end the section by some numerical simulations for different level .

4.1 Parameter values and initial conditions for state variables

All parameter values used in this paper are summarized in Table[I] The lifespan of an Anopheles
mosquito is estimated in the range of 13 to 23 days (Ndoen et al., 2012). Taking the inverse
of the upper bound of it, we obtain the natural death rate of mosquito p,, = 435 x 1074
The lifespan of Plasmodium species depends on each type of them, but in most of cases, it
ranges between 12 to 14 days (Adugna et al 2022). Taking the inverse of upper bound of this
range, we obtain the incubation rate of mosqulto om = 71 x 1073. About the initial condi-
tions of the fuzzy state variables, we suppose that: S, = (50,100, 150), Emo = (25,50, 75)
and I, = (75,100,125). Adding them, we get the fuzzy initial population of mosquitoes,
which is given by Npo = (Nmo1, Nmo2s Nmos) = (150,250, 350). For the crisp states variables,
we suppose that Spg = 200, Epg = 100, I,g = 100, Rpg = 50 and Mpy = 50. The fuzzifica-
tion of the initial conditions of the crisp state variables gives: ShO = (150,200, 300), Eho =
(75,100, 150), I,o = (75,100, 150), Rpo = (30,50, 90) and Myo = (30,50,90), which are triangu-
lar fuzzy variables. The level sets a of our initial conditions are given by: Si = [Sh1, Shoe) =
[150 4 50a, 300 — 100a], Efy = [ERyy, Efgsl = [75 + 250, 150 — 500, Iy = I I5e] = [75 +
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2501, 150 — 500, RfYy = R o1, Rios) = [30+20a, 90 — 400, MYy = [Mfh,, Mol = [30+ 200, 90 —
40a], 580 = [S% 015 S5 02] = [0+ 50a, 150 —50a], ES o = [E% 01, ES 0] = [25+25¢, 75— 25a] and
Ity = %01 L0 00] = [75+25a, 125 —25¢]. For a specific level a € [0, 1], we can find the specifics
corresponding level sets a for each state variable. The fuzzification of constant recruitment Ay
into a triangular fuzzy variable can be A, = (0.5;1;1.5). The level set o of Ay, is therefore
A? =10.5 4 0.50; 1.5 — 0.50].

4.2 Local sensitivity analysis

The local sensitivity analysis gives an idea of some control parameters that are very important to
reduce very significantly R in order to control malaria. The threshold Rf is a very important
tool in the mathematical analysis of the spread of a disease, therefore, it’s very 1mportant to

analyze its sensitivity according to each control parameter compose it. We calculate first ;2 7;(1

for each parameter s using the baseline values given in Table[I] These calculations lead us to
find the sensitivity indices, which measure the ratio of relative change in R§ to the relative
change in parameter 2. See Table |2l We can see from that Table the derivatives of Rf do not
depend on the level a.

Table 2: Sensitivity indices of R§ relative to some control parameters of the model

a

R
6%0 * Rig‘ Values Ranges Indices

n 1 4 1-10 1

(ks — (1 = 0)ka)
- 0.071  0.002-0.2  -0.5
2(k2k507€ kska)

YURY
0 - 0.2 0.01-1 -0.5
2(koks — kska)
_pks((1 — p)ks — ka)

ks (kigks — kgka)

Parameters Formula:

v

0.1 0.005-0.5 0.0008098

The average number of mosquito bites takes the top of the list with sensitivity index 1. The
proportion 6 of humans who recover and the recovery rate v come in the second position with
sensitivity index -0.5, followed by the relapse rate whose the sensitivity index is 0.0008098. This
means that, the average number of mosquito bites influences very significantly the spread of
malaria in the population. This implies the well-known policy measures, like the use of bed nets
and spray of insecticides for killing mosquitoes.

4.3 Numerical simulations

In this section, we realize some numerical simulations of the model — for different levels
a,a = 0.5 and a = 0.9. From Figures [2| and (3], we see the endemic trends of both human and
mosquito populations respectively for a = 0.5.
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3500

number of humans

time (days)

Figure 2: Endemic trends of human populations at level @ = 0,5 with parameter values given
in Table [I] and initial conditions given in section [{I] The corresponding fuzzy basic repro-

duction number and the estimated endemic state for human populations are Rf§ = 3.057 and
(Sh1, Snas Bry, Eny Iy, Iy, Ry, Ry, M, M) = (2502, 3157,56,116, 836, 1139, 624, 836,492, 683)
respectively.
250 _Sﬁll
---Sh
—EY 1]

200 [—

number of mosquitoes

1 1 1 1 1 1
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Figure 3: Endemic trends of mosquito populations at level & = 0.5 with parameter values
given in Table [I] and initial conditions given in section [{I] The corresponding fuzzy basic re-
production number and the estimated endemic state for mosquito populations are Ry = 3.057 and
(S%,,5%,, EX B, I% T12,) = (150,206, 32,61, 17, 34) respectively.
At the level & = 0.9, we have the endemic trends of both human and mosquito populations
given in Figures [4] and [5] respectively. At this level, we notice that the lower and upper bounds
of each class are very closer. This fact means that as « increases, the lower and upper bounds
of the level set « of a corresponding fuzzy variable converge towards a single value.

Figures give some disease-free trends of both human and mosquito populations at different
levels a. The control will be done in three parameters, the average number n of mosquito bites,
the proportion # of humans who recover and the recovery rate v of humans. Figures [6] and
give the disease-free trends of both human and mosquito populations at the level o = 0.5.
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Figure 4: Endemic trends of human populations at level a« = 0.9 with param-
eter values given in Table and initial conditions given in section The cor-
responding fuzzy basic reproduction number is R = 1.94. The estimated en-

demic state for human populations is: (Spy, Spa, Eny, Ery 1oy, Ify , Rey, Ry, Mgy, Mpy) =
(3003, 3128, 73,74, 774,834,663, 707,469, 504).
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Figure 5: Endemic trends of mosquito populations at level @« = 0.9 with parameter values
given in Table [1| and initial conditions given in section [4.1} The corresponding fuzzy basic re-
production number is R§ = 1.94. The estimated endemic state for mosquito populations is:

(Sox, §ox Fox pox Jox Jox) — (173 185,42, 48,23, 27).

mly~m2) ~mlr~m2tml> *m2

At level a = 0.9, we have the disease-free trends of both human and mosquito populations given
in Figures[§and[9] As in endemic trends, we can notice that, as the level « increases, the lower
and upper bounds of the level set a of a corresponding fuzzy variable converge towards a single
value. This fact confirms again the flexibility of fuzzy models comparing with the deterministic
one, although we reach to the same control measures as found by Mangongo et al.| (2022).

5 Discussion and concluding remarks

In this paper, we analyzed a mathematical model for malaria transmission dynamics with re-
lapse and ignorant infected humans in a fuzzy environment. We assumed that the mosquito
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Figure 6: Disease-free trends of human populations at level a =
given in Table except # = 0.6 ;v = 0.2 and n = 2.
production number is R§ = 0.53.
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0.5 with parameter values
The corresponding fuzzy basic re-

The estimated disease-free state for human populations is:
(S0, S0 B0 B9 [o0 [0 RO RO M, M) = (4630, 6141, 0,0,0,0,0,0,0,0).
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Figure 7: Disease-free trends of mosquito populations at level @« = 0.5 with parameter values

given in Table [I] except § = 0.6 ;v = 0.2 and n = 2.

The corresponding fuzzy basic re-

production number is R§ = 0.53. The estimated disease-free state for mosquito populations is:
(529,829 Eob oY 199 129) = (200, 300, 0,0,0,0).

ml»

m2»

ml»

m2rtmlr)Tm2

populations are fuzzy variables. Using level set o, we formulated the deterministic counterpart
of the original fuzzy model and we shown that for different levels a €]0, 1], we can generate
several models and doing several analysis. Additionally, we proved that fuzzy models are more
general than deterministic one. The equilibrium of the deterministic counterpart of the fuzzy
model reveals that in the absence of malaria, the human and mosquito populations belong to
the level set « of the fuzzy variables Sy, and S, respectively. We computed and introduced a
new definition of the fuzzy basic reproduction number, R depending on « and we proved that
the disease-free equilibrium is globally asymptotically stable in the invariant positive compact
set Qif R < 1 for all o €]0,1]. Otherwise, the disease-free equilibrium is unstable and there
exists at least one endemic equilibrium point in the interior of €2 for all a €]0, 1].
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Figure 8: Disease-free trends of human populations at level @« = 0.9 with parameter values
given in Table [I] except # = 0.6 ;v = 0.2 and n = 2. The corresponding fuzzy basic re-
production number is R§ = 0.34. The estimated disease-free state for human populations is:

(S0, 820 B0 Bl [o0 [0 RO RO MY, M) = (5175, 5472,0,0,0,0,0,0,0,0).
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Figure 9: Disease-free trends of mosquito populations at level « = 0.9 with parameter val-

ues given in Table [I] except § = 0.6 ;v = 0.2 and n = 2. The corresponding fuzzy basic re-
production number is R§ = 0.34. The estimated disease-free state for mosquito populations is:
(529,829 Eob oY 190 199) = (240, 260, 0,0,0,0).

mlr~m2r ~mls “m2)fmlr) *m2

Figures show that as « increases, the fuzzy basic reproduction number R{ decreases. Analy-
sis must be done for value of « very closer to one, in order to control malaria. That is, in order to
have the fuzzy basic reproduction number less than unity. Table 2] gives the sensitivity analysis
and shows that, the level a does not influence the sensitivity indices of parameters. In addition,
parameter n has a higher sensitivity index, followed by v and 6. To control malaria, we have to
increase the proportion 6 of humans who recover, that is, we must reduce the number of igno-
rant infected humans in the population. Analysis have been done for different values of «, and
taking a = 0.9, with parameter values on Table [} we obtain the endemic trends of both human
and mosquito populations. The corresponding fuzzy basic reproduction number is Rf = 1.944.
Taking 6 = 0.6;y = 0.2;n = 2 and level a = 0.9, we reached the disease-free equilibrium point.
Its corresponding fuzzy basic reproduction number is Ry = 0.34. Analysis must be done for
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value of a very closer to unity, because at this level, values has a greatest possibility to occur
and we have a smallest value of the fuzzy basic reproduction number (R§ < 1).

In this paper, we considered only the mosquito populations as fuzzy variables. We didn’t consider
other parameters as fuzzy varaibles. For future work, one can consider other parameters as
fuzzy variables, such as transmission and recovered rates, to capture very closely the dynamics
transmission of malaria. The same concepts of fuzzy sets theory may be applied in the other
diseases.
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